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We present several contributions to the enumerative theory of wreath product
representations developed in a previous paper by the ﬁrst named author (Adv. in
Math. 153 (2000), 118–154). Theorem 3.1 of the present paper establishes an explicit
formula for one of the key ingredients in the description of the corresponding
generating functions given in M .uller (2000) (the exterior function FG). Building on
Theorem 1 in M .uller (2000) and the latter result, we derive explicit formulae for the
exponential generating function of the series fjHomðG;RnÞjg in the case where G is
dihedral or a ﬁnite abelian group, and the representation sequence fRng is any of
fHwSng or fHwAng with a ﬁxed ﬁnite group H; or the sequence fWng of Weyl
groups of type Dn: Moreover, we verify a conjecture concerning the asymptotic
behaviour of the sequence fjHomðG;WnÞjg for ﬁnite groups G made in M .uller (2000)
in the case when G is dihedral or abelian. # 2002 Elsevier Science (USA)0. INTRODUCTION
For a group G denote by sGðnÞ the number of subgroups of index n in G: If
G is ﬁnitely generated or of ﬁnite (subgroup) rank, then sGðnÞ is ﬁnite for all
n: There is a well-known connection between the problem of counting ﬁnite1To whom correspondence should be addressed.
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ENUMERATING REPRESENTATIONS IN FINITE WREATH PRODUCTS II 277index subgroups in a group G and the enumeration of G-actions
on ﬁnite sets, i.e., permutation representations of G; manifesting
itself in a variety of results scattered throughout the literature.
Perhaps the earliest result in this direction is Hall’s recursion formula
[6, Theorem 5.2]
sFrðnÞ ¼ nðn!Þr1 
Xn1
k¼1
ððn kÞ!Þr1sFrðkÞ
for the number of index n subgroups in the free group of (ﬁnite) rank
r: Here, the connection with permutation representations becomes visible,
if we interpret ðn!Þr1 and ððn kÞ!Þr1 as values of the function jHomðFr;
SmÞj=ðm!Þ: Dey’s corresponding formula [4, Theorem 6.10] for (non-trivial)
free products is another relevant example, as is the identity
X1
n¼0
jHomðG;SnÞj
n!
zn ¼ exp
X
d j m
sGðdÞ
d
zd
0
@
1
A; m ¼ jGj ð1Þ
for a ﬁnite group G; which exhibits the exponential generating function of
the sequence fjHomðG;SnÞjg10 as a particular type of entire function. The
most general expression of this correspondence to be found in the literature
appears to be [5, Proposition 1], which incorporates the examples mentioned
as well as many other results of a similar nature.
More generally, let G be a group, H a ﬁnite group, and let fPng10 denote
either the sequence fAng10 of alternating groups or the sequence fSng10 of
symmetric groups. Given fPng;H; and a normal subgroup NIH with
H=N abelian put
ðHwPnÞN :¼ ðf ; pÞ 2 HwPn :
Y
i
f ðiÞ 2 N
( )
; n50:
Special cases of this construction include, in particular, the symmetric and
alternating wreath products HwSn; respectively, HwAn with a ﬁxed ﬁnite
group H; and the Weyl groups Wn ¼ ðC2wSnÞ1 of type Dn: In [14] the
exponential generating function of the sequence fjHomðG; ðHwPnÞNÞjg1n¼0
and of certain reﬁnements of this sequence are computed whenever
ðH : NÞ42 and G satisﬁes some rather mild ﬁniteness conditions (always
met for instance if G is ﬁnitely generated). This result [14, Theorem 1], or,
rather, the special case (Theorem 1.3) explained in Section 1, will be the
starting point for our present investigations.
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X
n50
jHomðG; ðHwPnÞNÞjzn=n! ð2Þ
given in Theorem 1.3 is the exterior function FG; a certain power series,
whose variables zðGP;GN Þ are indexed by pairs of subgroups ðGP;GNÞ of index
at most 2 in G: With each such subgroup pair ðGP;GNÞ there is associated a
power series YGNGPðzÞ; and the generating function (2) is obtained from the
series FG according to Theorem 1.3 by replacing each variable zðGP;GN Þ with
the corresponding power series YGNGPðzÞ: One of our main results (Theorem
3.1) provides an explicit formula for the exterior function FG as an
arithmetic mean of certain exponential functions. In Sections 2 and 4 we
apply the theory of Sections 1 and 3 to derive explicit formulae for the
generating functions
P1
n¼0 jHomðG;RnÞjzn=n!; where G is dihedral or a
ﬁnite abelian group, and the representation sequence fRng is any of fHwSng
or fHwAng with a ﬁnite group H; or fWng: While the results on dihedral
groups are a nice and fairly direct illustration of Theorem 1.3, the
corresponding analysis for abelian groups builds heavily on both Theorems
1.3 and 3.1, and is considerably more demanding. Our ﬁrst task is to
determine the orbits of AutðGÞ on the subgroups of index 2 in a ﬁnite
abelian group G: Using duality theory this determination is made in
Subsection 4.1 by examining orbits of AutðGÞ on the involutions of G: The
next ﬁve subsections concentrate on the case when G is a ﬁnite abelian 2-
group. In Subsection 4.2 we derive identities expressing the generating
functions for jHomðG;HwAnÞj and jHomðG;WnÞj in terms of those for
jHomðG;HwSnÞj; respectively, jHomðG;C2wSnÞj and the corresponding
inner functions YGNGPðzÞ; cf. Proposition 4.17. The inner functions occurring
in these identities are calculated explicitly in the next three subsections, and
in Subsection 4.7 the results obtained for ﬁnite abelian 2-groups are
extended to the case of an arbitrary ﬁnite abelian group. In Subsection 4.6
we discuss, by ways of an example, the case when G is a homogeneous
abelian 2-group. The formulae associated with the wreath product
representations of such a group take a rather pleasant form and serve well
to illustrate the results obtained in Section 4 up to that point. Moreover, the
special case when G is elementary abelian provides the basis for a fast
algorithm to compute the Euler characteristic of the Quillen complex for
groups of the form HwSn; HwAn; and Wn: This aspect will be treated in a
separate paper [17]. It has been conjectured in [14] that the asymptotic
formula
jHomðG;WnÞj 
 ð1þ sGð2ÞÞ1jHomðG;C2wSnÞj
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and some constant A ¼ AðGÞ > 1: The validity of this conjecture would
imply in particular that the asymptotic expansion provided by M .uller [14,
Theorem 4]) for jHomðG;C2wSnÞj carries over without change to ð1þ
sGð2ÞÞjHomðG;WnÞj: In Section 5, building on the results of Sections 2 and 4
and an asymptotic estimate for the coefﬁcients of entire functions of ﬁnite
genus developed in [12, Sect. 2], this conjecture is veriﬁed in the case when G
is dihedral or a ﬁnite abelian group (Propositions 5.2 and 5.14). Moreover,
in Subsection 5.2 we present an approach to the asymptotic enumeration of
Wn-representations of dihedral groups whose order is not divisible by 4,
which is independent of the results of Section 2, and is based instead on a
local combinatorial analysis of these representations. This approach also
leads to a slight improvement over our former result Proposition 5.2(a).
1. THE BASIC COUNTING PRINCIPLE
The starting point for our present investigations will be a special case of
[14, Theorem 1] which we now explain. In what follows, G and H are
groups, jHjo1; N is a normal subgroup of H with H=N abelian, and
fPng10 denotes either the sequence fAng10 of alternating groups or the
sequence fSng10 of symmetric groups. We use algebraic multiplication in Sn;
i.e., the product p1  p2 of permutations p1; p2 2 Sn is deﬁned via
ðp1  p2ÞðiÞ :¼ p2ðp1ðiÞÞ; i 2 ½n:
Consequently, group actions on sets will always be right actions, and for a
ﬁnite group H and a permutation group Pn on the standard n-set ½n;
multiplication in the wreath product
HwPn ¼ fðf ; pÞ : f : ½n ! H; p 2 Png
is given by the formulae
ðf1; p1Þ  ðf2; p2Þ ¼ ðf ; p1  p2Þ;
f ðiÞ :¼ f1ðiÞf2ðp1ðiÞÞ; i 2 ½n:
We shall give an algebraic description of the generating functionP1
n¼0 jHomðG; ðHwPnÞNÞjzn=n! under certain assumptions on G and N:
1.1. The Series YGNGPðzÞ
Assume that G is ﬁnitely generated. Given a subgroup G0 of (ﬁnite) index n
in G; a homomorphism w :G0 ! H; and a right transversal fg1; . . . ; gng for G0
MU¨LLER AND SHARESHIAN280in G; deﬁne
Gw :¼ g 2 G :
Y
j
wðgjggjg1Þ 2 N
( )
;
where  : G! fg1; . . . ; gng associates with each element g the representa-
tive %g of the coset G0g: Consider the map c : G! H=N sending g toQ
j wðgjggjg1ÞN: Since H=N is abelian the composition of w with the
canonical projection H ! H=N factors through G0=½G0;G0 inducing a
homomorphism w0 : G0=½G0;G0 ! H=N; and we have c ¼ w0 8VG!G0 ; where
VG!G0 : G! G0=½G0;G0 is the transfer of G into G0: Since the transfer is a
homomorphism and independent of the choice of representatives the same is
true for c; consequently, Gw ¼ kerðcÞ is a normal subgroup of index at most
ðH : NÞ in G; and is independent of the system of representatives used in its
deﬁnition. If G0 ¼ G then Gw ¼ w1ðNÞ; while for an abelian group G and
every homomorphism w : G0 ! H with ðG : G0Þo1
Gw ¼ fg 2 G : wðgðG : G0ÞÞ 2 Ng:
Let tG0 :G! SðG0=GÞ describe the action of G by right multiplication on the
set G0=G of right cosets of G0 in G; and let PðG0=GÞ be the subgroup of
SðG0=GÞ isomorphic to Pn: Given a positive integer n and two normal
subgroups GP;GNIG deﬁne
sðn;GP;GNÞ :¼
X
ðG : G0Þ¼n
t1
G0 ðPðG0=GÞÞ¼GP
jfw 2 HomðG0;HÞ : Gw ¼ GNgj;
and introduce a formal power series YGNGPðzÞ by
YGNGPðzÞ :¼
X
n51
jHjn1sðn;GP;GNÞ
n
zn:
Remark 1.1. Observe that if two pairs ðGP;GNÞ and ðG0P;G0NÞ of normal
subgroups are conjugate under an automorphism of G then YGNGPðzÞ ¼
YG
0
N
G0P
ðzÞ:
1.2. The Function FG
Assume from now on that ðH : NÞ42: Consider the system of subgroup
pairs
UG :¼ fðGP;GNÞ : GP;GN4G; ðG : GPÞ4aP; ðG : GNÞ4ðH :NÞg;
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aP :¼
1; fPng ¼ fSng
2; fPng ¼ fAng;
(
and ﬁx a set EDG which generates G as a normal subgroup. With each pair
ðGP;GNÞ 2 UG we associate a (formal) variable zðGP;GN Þ and a discrete
variable nðGP;GNÞ taking non-negative integral values, and form the power
series
FGðzðGP;GN Þ; ðGP;GNÞ 2 UGÞ :¼
X
n
Y
ðGP;GN Þ
z
nðGP;GN Þ
ðGP;GN Þ =nðGP;GNÞ!;
where the right-hand sum is extended over those maps n :UG ! N0
satisfying the following 2jEj conditions:
P
e =2 GP nðGP;GNÞ  0 mod aP; e 2 E;P
e =2 GN nðGP;GNÞ  0 mod ðH : NÞ; e 2 E:
(
ð3Þ
The function FG is called the exterior function associated with the data G; H;
N; and fPng10 : Denote by JG the intersection of all subgroups of index
k0 :¼ maxðaP; ðH : NÞÞ in G: The quotient %G ¼ G=JG is an elementary
abelian 2-group of rank r ¼ log2ð
P
k4k0 sGðkÞÞ: The following result
contains some important observations concerning the exterior function FG:
Proposition 1.2 (M .uller [14, Proposition 2]). ðiÞ The function FG does
not depend on the choice of the normal generating system E:
ðiiÞ The functions FG and F %G; formed with respect to the same data H; N;
and fPng10 ; coincide up to a canonical identification of variables
zðGP;GN Þ/zðGP=JG;GN=JGÞ; ðGP;GNÞ 2 UG:
We shall see later (Theorem 3.1) that the exterior function FG can be
expressed explicitly as an arithmetic mean of certain exponential functions.
1.3. The Result
This is the following.
Theorem 1.3. Let G be a finitely generated group, H a finite group, N
4H a subgroup of index ðH : NÞ42; and let fPng10 denote either the
sequence fAng10 of alternating groups or the sequence fSng10 of symmetric
MU¨LLER AND SHARESHIAN282groups. Then
X
n50
jHomðG; ðHwPnÞN j
n!
zn ¼ FGðYGNGPðzÞ; ðGP;GNÞ 2 UGÞ; ð4Þ
i.e., the exponential generating function of the sequence fjHomðG;
ðHwPnÞNÞjg10 is obtained from the series FG by replacing each variable
zðGP;GN Þ with the corresponding power series Y
GN
GPðzÞ:
Theorem 1.3 is the special case of [14, Theorem 1], where G is ﬁnitely
generated, S ¼ |; L ¼ N; and M ¼ N0: If Pn ¼ Sn ðn50Þ and N ¼ H; the
generating function (4) takes a particularly simple form. In this case
ðHwPnÞN ¼ HwSn; aP ¼ 1; and UG ¼ fðG;GÞg: Dropping the subscript
ðG;GÞ the exterior function becomes FGðzÞ ¼ ez; and Theorem 1.3
yields the following.
Corollary 1.4. Let G be a finitely generated group, and H a finite group.
Then
X
n50
jHomðG;HwSnÞj
n!
zn ¼ exp
X
n51
jHjn1sHG ðnÞ
n
zn
 !
; ð5Þ
where sHG ðnÞ :¼
P
ðG : G0Þ¼n jHomðG0;HÞj:
For G ¼ G a ﬁnite group of order m identity (5) becomes
X1
n¼0
jHomðG;HwSnÞj
n!
zn ¼ expðPHG ðzÞÞ; ð6Þ
where
PHG ðzÞ :¼
X
d j m
jHjd1sHG ðdÞ
d
zd ¼ 1jHj
X
U4G
jHomðU ;HÞjðjHjzÞðG : UÞ=ðG : UÞ;
which generalizes (1). The special case of (6) where G ¼ Cm is a cyclic group
of order m yields Chigira’s result [3, Theorem 2]
X1
n¼0
imðHwSnÞ
n!
zn ¼ exp jHj
d1im=dðHÞ
d
zd
 !
;
where, for a ﬁnite group B; imðBÞ denotes the number of solutions of the
equation xm ¼ 1 in B:
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As a ﬁrst application of Theorem 1.3 we provide explicit formulae for the
generating functions
P1
n¼0 jHomðD;RnÞjzn=n!; where D ¼ D2l is the dihedral
group of order 2l with l 2 N [ f1g; and the representation sequence fRng
is any of fHwSng or fHwAng with a ﬁxed ﬁnite group H; or fWng:
2.1. Symmetric Representations and a Reduction
For a positive integer l consider the dihedral group
D ¼ D2l ¼ hw; s j wl ¼ s2 ¼ 1; sws ¼ w1i
of order m ¼ 2l; and let d be a divisor of m: If d j l then D contains d
dihedral subgroups of order m=d; namely the groups
Ui ¼ hwd ;wisi; 04iod:
Also, if d is even, D has one cyclic subgroup of index d; namely U ¼ hwd=2i:
Hence,
sHD ðdÞ ¼
X
ðD : UÞ¼d
jHomðU ;HÞj
¼
djHomðD2l=d ;HÞj; d  1 ð2Þ;
im=dðHÞ; d  0 ð2Þ; d[l;
im=dðHÞ þ djHomðD2l=d ;HÞj; d  0 ð2Þ; d j l;
8><
>:
and, by (6) X1
n¼0
jHomðD2l ;HwSnÞj
n!
zn
¼ exp 1jHj
X
d j l
jHomðD2l=d ;HÞjðjHjzÞd
0
@
þ 1
2jHj
X
d j l
il=dðHÞðjHjzÞ2d=d
1
A; l 2 N: ð7Þ
Next, consider the inﬁnite dihedral group
D ¼ D1 ¼ hs; t j s2 ¼ t2 ¼ 1i ¼ hw; s j s2 ¼ 1; sws ¼ w1i;
where w ¼ st: For each positive integer n this group contains n dihedral
subgroups of index n; namely the groups
Ui ¼ hwn;wisi; 04ion:
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hwn=2i: Hence,
sHD ðnÞ ¼ nði2ðHÞÞ2 þ
jHj; n  0 ð2Þ;
0; n  1 ð2Þ;
(
and, by Corollary 1.4
X1
n¼0
jHomðD1;HwSnÞj
n!
zn ¼
expðði2ðHÞÞ2z
1jHjz Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ðjHjzÞ2
q : ð8Þ
By Proposition 1.2 the function FD2l occurring in the enumeration of
alternating and Weyl group representations of dihedral groups coincides
with the function FC2 if l is odd, and with FC2
2
if l 2 2N [ f1g; these
functions being formed with respect to the same choices of H; N; and
fPng10 as the former functions. The latter exterior functions have been
computed explicitly in [14, Sect. 3, Examples 5 and 6]. Combining this
calculation with Theorem 1.3 and the fact that, for l 2 2N [ f1g; the two
dihedral groups of index 2 in D2l are equivalent under a group
automorphism, we ﬁnd thatX1
n¼0
jHomðD2l ;HwAnÞj
n!
zn
¼ 1
4
X1
n¼0
jHomðD2l ;HwSnÞj
n!
zn
 !
 f1þ 2e2ðY1ðlÞþY2ðlÞÞ þ e4Y2ðlÞg; l 2 N [ f1g; ð9Þ
where Y1ðlÞ :¼ YD2lhwiðzÞ and Y2ðlÞ :¼ YD2lhw2;siðzÞ or Y2ðlÞ :¼ 0; depending on
whether l 2 2N [ f1g or l is odd. Similarly, we ﬁnd thatX1
n¼0
jHomðD2l ;WnÞj
n!
zn
¼ 1
4
X1
n¼0
jHomðD2l ;C2wSnÞj
n!
zn
 !
 f1þ 2e2ðYð1ÞðlÞþYð2ÞðlÞÞ þ e4Yð2ÞðlÞg; l 2 N [ f1g; ð10Þ
where Yð1ÞðlÞ :¼ YhwiD2l ðzÞ and Yð2ÞðlÞ :¼ Y
hw2;si
D2l
ðzÞ or Yð2ÞðlÞ :¼ 0; depending
on whether l 2 2N [ f1g or l is odd.4 Thus, in order to complete the
explicit enumeration of alternating and Weyl group representations of
4Observe that in the case of dihedral groups any assignment of the corresponding inner
functions to the variables of F %D such that Y
D
DðzÞ is mapped to zð %D; %DÞ will lead to the same
(correct) expression for FD:
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and Yð2ÞðlÞ: This is done in the next two subsections.
2.2. The Functions YiðlÞ
In determining these functions the crucial point is to discuss the invariant
t1U ðAðU =DÞÞ of a subgroup U4D:
(i) Let lo1; k j l; and let U ¼ hwki be the cyclic subgroup of index
d ¼ 2k in D ¼ D2l : A system of representatives for U =D is given by the
elements
1;w;w2; . . . ;wk1; s; sw; sw2; . . . ; swk1:
The generator w acts on U =D as the product ð1;w; . . . ;wk1Þðs; sw; . . . ;
swk1Þ of two k-cycles, while s acts as the product ðw; swk1Þðw2; swk2Þ
. . . ðwk1; swÞð1; sÞ of k transpositions. Consequently, hwi4t1U ðAðU =DÞÞ;
and s 2 t1U ðAðU =DÞÞ if and only if k is even.
(ii) Let lo1; d j l; 04iod; and let U ¼ hwd ;wisi be the ith dihedral
subgroup of index d in D ¼ D2l : Now U =D can be represented by the
elements 1;w;w2; . . . ;wd1; and w acts on U =D as the d-cycle ð1;w; . . . ;
wd1Þ; i.e., w 2 t1U ðAðU =DÞÞ if and only if d is odd. If d is odd then s has
precisely one ﬁxed point on U =D; if d is even then s has 0 or 2 ﬁxed points,
depending on whether i is odd or even. Hence, s 2 t1U ðAðU =DÞÞ if and only
if one of the following holds:
d  1 ð4Þ; d  0 ð4Þ and i  1 ð2Þ; d  2 ð4Þ and i  0 ð2Þ:
(iii) If l ¼ 1 and U ¼ hwki is the cyclic subgroup of index
n ¼ 2k in D ¼ D1; or if U ¼ hwn;wisi is the ith dihedral subgroup of
index n in D; then essentially the same discussion applies as in (i),
respectively (ii).
From these observations we ﬁnd that
Y1ðlÞ ¼ 1jHj
X
d j l
d3 ð4Þ
jHomðD2l=d ;HÞjðjHjzÞd
8><
>:
þ 1
2
X
d j l
d1 ð2Þ
il=dðHÞðjHjzÞ2d=d
9>=
>; ðl 2 NÞ;
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2
z3
1 ðjHjzÞ4 þ log
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ðjHjzÞ2
q
0
B@
1
CAþ logð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 ðjHjzÞ44q Þ;
Y2ð2kÞ ¼ 1
2jHj
X
d j k
jHomðD2k=d ;HÞjðjHjzÞ2d ðk 2 NÞ;
Y2ð1Þ ¼ ði2ðHÞÞ
2jHjz2
2ð1 ðjHjzÞ2Þ:
2.3. The Functions YðiÞðlÞ
Here the crucial point is to identify the invariant Dw attached to
a homomorphism w : U ! C2; where U is a subgroup of ﬁnite index in
D ¼ D2l :
(i) If lo1; k j l; U ¼ hwki is the cyclic subgroup of index d ¼ 2k in
D ¼ D2l ; and w : U ! C2 is a homomorphism, then the equations
Yk1
j¼0
wðwjþ1wjþ11Þ
Yk1
j¼0
wðswjþ1swjþ11Þ ¼ wðwkÞwðwkÞ ¼ 1;
Yk1
j¼0
wðwjswjs1Þ
Yk1
j¼0
wðswjsswjs1Þ ¼
Yk1
j¼1
wðwjswjksÞ
Yk1
j¼1
wðswjswjkÞ
¼ ðwðwkÞÞk1ðwðwkÞÞk1 ¼ 1
show that Dw ¼ D: Of course, HomðU ;C2Þ has one or two elements
depending on whether l=k is odd or even.
(ii) Let lo1; d j l; 04iod; U ¼ hwd ;wisi the ith dihedral subgroup
of index d in D ¼ D2l ; and let w : U ! C2 be a homomorphism.
We have
Yd1
j¼0
wðwjþ1wjþ11Þ ¼ wðwdÞ
and
Yd1
j¼0
wðwjswjs1Þ ¼
Yi
j¼0
wðwjswjiÞ
Yd1
j¼iþ1
wðwjswjidÞ
¼ ðwðwisÞÞdðwðwdÞÞdi1:
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(a) If l=d  1 ð2Þ then we must have wðwdÞ ¼ 1; i.e., Dw5hwi: Apart
from the trivial homomorphism w0  1 (with Dw0 ¼ D) there is one other
homomorphism w1 :U ! C2; and we have
Dw1 ¼
hwi; d  1 ð2Þ;
D; d  0 ð2Þ:
(
(b) If l=d  0 ð2Þ then there are four homomorphisms w : U ! C2:
w0  1: Dw0 ¼ D;
ww with wwðwdÞa1; wwðwisÞ ¼ 1: Dww ¼
hw2; si; d  i þ 1 ð2Þ;
hw2;wsi; otherwise;
(
ws with wsðwdÞ ¼ 1; wsðwisÞa1: Dws ¼
hwi; d  1 ð2Þ;
D; d  0 ð2Þ;
(
ww;s with ww;sðwdÞa1aww;sðwisÞ: Dww;s ¼
hw2; si; i  1 ð2Þ;
hw2;wsi; i  0 ð2Þ:
(
(iii) If l ¼ 1 and U ¼ hwki is the cyclic subgroup of index n ¼ 2k in
D ¼ D1; or if U ¼ hwn;wisi is the ith dihedral subgroup of index n in D;
then there are two respectively four homomorphisms w : U ! C2; and the
discussion of (i) or (ii)(b) applies, respectively.
These observations now yield the following explicit expressions for the
functions YðiÞðlÞ:
Yð1ÞðlÞ ¼ 1
2
X
d j l
d1 ð2Þ
ð2zÞd ðl 2 NÞ;
Yð1Þð1Þ ¼ z
1 ð2zÞ2;
Yð2Þð2kÞ ¼ 1
2
X
d j k
d1 ð2Þ
ð2zÞd þ
X
d j k
k=d0 ð2Þ
ð2zÞ2d
8><
>:
9>=
>; ðk 2 NÞ;
Yð2Þð1Þ ¼ z
1 2z:
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In this section we supplement Theorem 1.3 by establishing an explicit
formula for the exterior function FG: As stated in Proposition 1.2, the
calculation of FG can be reduced to the case where G is an elementary
abelian 2-group of ﬁnite rank. It will be convenient to deal with the latter
problem in a linear algebra setting.
3.1. Set-up and Result
For a non-negative integer r let V ¼ Fr2 be the vector space of dimension r
over the ﬁeld F2 with two elements, E ¼ fe1; . . . ; erg the standard basis of V ;
and let h; i be the usual inner product on V ; i.e., hu; vi ¼P uivi: The
assignment v/v? sending a vector v 2 V to its complement deﬁnes a
bijection from V onto the set
HðVÞ :¼ fV 04V : codimV ðV 0Þ41g:
Under this bijection the set UG; G ¼ ðV ;þÞ; is identiﬁed with the subspace
UV ¼ VaP  VðH : NÞ
of dimension R ¼ rðlog2 aP þ log2ðH : NÞÞ in V  V ; where V1 :¼ fog and
V2 :¼ V : The standard basis of UV is E ¼ UV \ ððE  V1Þ [ ðV1  EÞÞ: The
inner product on V induces the inner product
hðu; vÞ; ðx; yÞi ¼ hu; xi þ hv; yi
on V  V (and, hence, on UV ). Denote by FV ¼ FV ðzðu;vÞ; ðu; vÞ 2 UV Þ the
power series obtained from FG by replacing each variable zðGP;GN Þ with the
corresponding variable zðu;vÞ; where u? ¼ GP and v? ¼ GN :
Theorem 3.1. We have
FV ðzðu;vÞ; ðu; vÞ 2 UV Þ
¼ 1jUV j
X
ðu;vÞ2UV
exp
X
hðx;yÞ;ðu;vÞi¼0
zðx;yÞ 
X
hðx;yÞ;ðu;vÞi¼1
zðx;yÞ
0
@
1
A: ð11Þ
The proof of Theorem 3.1 proceeds in three steps.
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By deﬁnition,
FV ¼
X
n
Y
ðu;vÞ2UV
z
nðu;vÞ
ðu;vÞ =nðu; vÞ!;
where the right-hand sum is extended over the maps n :UV ! N0 such thatX
hðx;yÞ;ðu;vÞi¼1
nðx; yÞ  0 ð2Þ; ðu; vÞ 2 E: ð12Þ
For a map n 2 FUV2 let
S ¼ SðnÞ :¼ fðu; vÞ 2 UV : nðu; vÞ ¼ 1g:
Viewing (12) as a system of equations over F2; a map n :UV ! F2 is a
solution of (12) if and only ifX
ðu;vÞ2S
ðu; vÞ ¼ ðo; oÞ:
Hence, introducing the sets
S :¼ fSDUV :
X
ðu;vÞ2S
ðu; vÞ ¼ ðo; oÞg and S0 :¼ fS 2S : ðo; oÞ =2 Sg;
and blowing up the solutions of (12) over F2 to maps n :UV ! N0 we obtain
the following description of the function FV :
FV ¼
X
S2S
Y
ðu;vÞ2S
sinhðzðu;vÞÞ
Y
ðu;vÞ2UV=S
coshðzðu;vÞÞ
¼ ezðo;oÞ
X
S2S0
Y
ðu;vÞ2S
sinhðzðu;vÞÞ
Y
ðu;vÞ2U]
V
=S
coshðzðu;vÞÞ; ð13Þ
where U
]
V :¼ UV  fðo; oÞg: Expanding the hyperbolic functions in terms of
exponential functions, (13) can be rewritten as
FV ¼ ezðo;oÞ
X
e2f1gU
]
V
Ce exp
X
ðu;vÞ2U]
V
eðu; vÞzðu;vÞ
0
@
1
A ð14Þ
with coefﬁcients Ce 2 Z½ 1
22
R1; which will be determined in the next step.
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For a sign function e :U]V ! f1g deﬁne
EþðeÞ :¼ fS 2 S0 : jfðu; vÞ 2 S : eðu; vÞ ¼ 1gj  0 mod 2g
and
EðeÞ :¼S0  EþðeÞ:
Then
Ce ¼ 2jU
]
V
j X
S2S0
ð1Þjfðu;vÞ2S : eðu;vÞ¼1gj
¼ 2ð2R1ÞðjEþðeÞj  jEðeÞjÞ: ð15Þ
Now we claim the following:
If EðeÞa| then Ce ¼ 0: ð16Þ
jS0j ¼ 22RR1: ð17Þ
Proof of (16). Consider the additive group L of the Boolean ring
generated by U
]
V ; i.e., the collection of all subsets of U
]
V with symmetric
difference as the group operation. Clearly, S0 is a subgroup of L: Assume
that EðeÞa| and ﬁx some S 2 EðeÞ: The translation T/SDT on S0
associated with S maps EþðeÞ to EðeÞ and EðeÞ to EþðeÞ; thus inducing
a bijection between EþðeÞ and EðeÞ: Hence, we conclude from (15) that
Ce ¼ 0 in this case. ]
Proof of (17). Since UV is a subspace of V  V ;
P
ðu;vÞ2Sðu; vÞ 2 UV for
every SDU]V ; and, hence
X
ðu0;v0Þ2UV
SDU]V :
X
ðu;vÞ2S
ðu; vÞ ¼ ðu0; v0Þ
8<
:
9=
;

 ¼ 2jU
]
V
j: ð18Þ
Fix ðu0; v0Þ 2 U]V and deﬁne maps
SDU]V :
X
ðu;vÞ2S
ðu; vÞ ¼ ðu0; v0Þ
8<
:
9=
;>S0
aðu0 ;v0Þ
bðu0 ;v0Þ
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aðu0;v0ÞðSÞ :¼
S [ fðu0; v0Þg; ðu0; v0Þ =2 S;
S  fðu0; v0Þg; ðu0; v0Þ 2 S;
(
bðu0;v0ÞðSÞ :¼
S  fðu0; v0Þg; ðu0; v0Þ 2 S;
S [ fðu0; v0Þg; ðu0; v0Þ =2 S:
(
Since aðu0;v0Þ and bðu0;v0Þ are obviously inverse to each other, Eq. (18) takes
the form
jUV j jS0j ¼ 2jUV j1;
whence (17). ]
Combining (14)–(17) we ﬁnd that
FV ¼ 2Rezðo;oÞ
X
e2f1gU
]
V
EþðeÞ¼S0
exp
X
ðu;vÞ2U]
V
eðu; vÞzðu;vÞ
0
@
1
A: ð19Þ
3.4. Characterization of Admissible Sign Functions
Call a sign function e :U]V ! f1g admissible if EþðeÞ ¼ S0; i.e., if
jRðeÞ \ Sj  0 ð2Þ for all S 2 S0; ð20Þ
where RðeÞ :¼ fðu; vÞ 2 U]V : eðu; vÞ ¼ 1g: Clearly, the trivial sign function
e ¼ 1 is admissible. We will show that a sign function e :U]V ! f1g is
admissible if and only if it is obtained from some H 2HðUV Þ by
setting
eHðu; vÞ ¼
þ1; ðu; vÞ 2 H  fðo; oÞg;
1; ðu; vÞ 2 UV H:
(
This characterization when combined with formula (19) yields (11). Since
our claim is obviously true if dimðUV Þ41; we will assume for the remainder
of the proof that jUV j > 2:
Let e be an admissible sign function with RðeÞa|: Then
jRðeÞj ¼ jUV j=2: ð21Þ
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S ¼ fðu1; v1Þ; ðu; vÞ; ðu1 þ u; v1 þ vÞg
is contained in U
]
V and sums to ðo; oÞ; i.e., S 2 S0; and, since e is admissible,
RðeÞ must contain exactly one of the vectors ðu; vÞ; ðu1 þ u; v1 þ vÞ;
whence (21).
Since ðo; oÞ =2 RðeÞ; (21) immediately implies that hRðeÞi ¼ UV ; i.e., RðeÞ
contains a basis of UV : Suppose that EDRðeÞ: If RðeÞ were to contain an
element ðu; vÞ with hðu; vÞ; ðu; vÞi ¼ 0 then for the set
S ¼ fðu; vÞg [ fðu0; v0Þ 2 E : hðu; vÞ; ðu0; v0Þi ¼ 1g 2S0;
the intersection RðeÞ \ S ¼ S would have odd cardinality, contradicting the
admissibility of e: Hence, if EDRðeÞ then
RðeÞDfðu; vÞ 2 UV : hðu; vÞ; ðu; vÞi ¼ 1g;
and by (21) we must have equality; i.e., RðeÞ is the (non-trivial) coset of the
standard hyperplane
H1 ¼ fðu; vÞ 2 UV : hðu; vÞ; ðu; vÞi ¼ 0g
in UV :
Next, observe that AutðUV Þ acts on the set of non-trivial admissible sign
functions via a  e :¼ e 8 a1; and that Rða  eÞ ¼ aðRðeÞÞ: It follows now that
the collection of all admissible sign functions is contained in the set feH :
H 2HðUV Þg: Conversely, each sign function eH is admissible. Indeed, let H
be a hyperplane of UV and let S be a subset of UV : Then we haveX
ðu;vÞ2S\ðUV=HÞ
ðu; vÞ 2 H if and only if jS \ ðUV =HÞj  0 ð2Þ;
and hence X
ðu;vÞ2S
ðu; vÞ 2 H if and only if jRðeHÞ \ Sj  0 ð2Þ;
in particular eH is admissible. The proof of Theorem 3.1 is thus complete.
Remark 3.2. In order to apply Theorem 3.1 one has to correctly assign
the inner functions YGNGPðzÞ to the variables zðu;vÞ of FV : This is trivial if
dimðUV Þ42; since in this case any bijection between UG and UV such that
ðG;GÞ is mapped to ðo; oÞ leads to the same (correct) expression for FG; and
hence for the generating function
P jHomðG; ðHwPnÞNÞjzn=n! in question.
For dimðUV Þ > 2 however this may be a non-trivial task; cf. for instance
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means of duality theory.
4. FINITE ABELIAN GROUPS
In this section, we provide explicit formulae for the exponential
generating functions of the sequences fjHomðG;RnÞjg10 ; where G is a ﬁnite
abelian group, and the representation sequence fRng is any of fHwSng or
fHwAng with a ﬁxed ﬁnite group H; or fWng: We will use basic notation
from the theory of partitions, as found in [8], which we recall below.
Let l ¼ ðl1; l2; . . . ; lj; . . .Þ be a partition, i.e., a sequence of non-negative
integers lj such that lj5ljþ1 for each j 2 N and such that only ﬁnitely many
lj are non-zero. If lr > 0 and lrþ1 ¼ 0; then we also write l ¼ ðl1; . . . ; lrÞ:
For each i 2 N; the multiplicity miðlÞ of i in l is the number of parts of l
having size i; that is,
miðlÞ :¼ jfj 2 N : lj ¼ igj:
The weight jlj of a partition l is the sum of its parts, that is,
jlj :¼
X
j51
lj :
The conjugate l0 of l is the partition whose parts are deﬁned by
l0j :¼
X
i5j
miðlÞ; j51:
In particular, l01 ¼
P
i51 miðlÞ is sometimes called the length or norm of l:
A partial ordering D is deﬁned on the set of all partitions by
mDl :, mj4lj for all j:
Definition 4.1. Let p be a prime, and let l be a partition. Then Gðp; lÞ
is the ﬁnite abelian p-group deﬁned by
Gðp; lÞ :¼
M
j51
C
p
lj ¼
M
i51
miðlÞCpi :
Observe that by the structure theorem for ﬁnite abelian groups Gðp; lÞ ﬃ
Gðp; mÞ implies l ¼ m: If G ¼ Gðp; lÞ with l¼ðl1; . . . ; lr) and E¼fe1; . . . ; erg
is a basis for G; then we will always assume that jej j ¼ plj for all j 2 ½r: Hall
[7] determined, for any three partitions l; m; n; a polynomial glm;nðtÞ such that,
for every prime p; the number of subgroups H4G ﬃ Gðp; lÞ with H ﬃ
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for the main results on these Hall polynomials, which will be important in
what follows. For a group G we denote byLðGÞ the lattice of all subgroups
of G; ordered by inclusion.
4.1. Orbits of AutðGÞ on Minimal and Maximal Subgroups
An essential ingredient in constructing the explicit formulae promised
above is the determination of the orbits of AutðGÞ on subgroups of index
two in G: We will use duality theory in order to make this determination by
examining orbits of AutðGÞ on involutions of G:
Definition 4.2. Let G be a ﬁnite abelian group with basis e1; . . . ; em:
Let g ¼Pmj¼1 ajej 2 G; where aj 2 N: The character wg : G ! Cn is the
homomorphism deﬁned by
ej/exp
2piaj
jejj
 
; 14j4m:
The following result is well known (see for example [18, Lemma 8.1.3]).
Lemma 4.3. Let G be a finite abelian group. The map f : G !
HomðG;CnÞ given by g/wg is a group isomorphism, where multiplication
in HomðG;CnÞ is pointwise.
Definition 4.4. Let G be a ﬁnite abelian group. For H4G deﬁne
Hn :¼ fg 2 G : H4kerðwgÞg:
Lemma 4.5 (Baer [1]). Let G be a finite abelian group. Then
(i) The map on LðGÞ determined by H/Hn is an antiautomorphism
of LðGÞ:
(ii) For all H4G; we have ðHnÞn ¼ H:
Proof. The ﬁrst claim is essentially Theorem 8.1.4 in [18]. We sketch the
proof here, including some facts which will be used later. For H4G deﬁne
#H :¼ fw 2 HomðG;CnÞ : H4kerðwÞg;
and for X4HomðG;CnÞ set kerðX Þ :¼ Tw2X kerðwÞ: By Lemma 4.3, it is
sufﬁcient to establish the following three facts:
* The map from LðGÞ to LðHomðG;CnÞÞ determined by H/ #H is
order reversing.
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order reversing.
* For all H4G we have kerð #HÞ ¼ H:
The ﬁrst two facts follow immediately from the deﬁnitions. To prove the
third, ﬁrst note that H4kerð #HÞ: Let g 2 G  H: Since ½G=H;G=H ¼ 1;
there exists some %w 2 HomðG=H;CnÞ such that %wðgþ HÞa1: Now %w
determines a map w 2 HomðG;CnÞ such that H4kerðwÞ and wðgÞ ¼
%wðgþ HÞa1: Thus H ¼ kerð #HÞ as claimed.
To prove the second claim, we ﬁrst note that by the deﬁnition of wg; we
have wgðhÞ ¼ whðgÞ for all g; h 2 G: This gives H4ðHnÞn: We now proceed
by induction onLðGÞop: If H ¼ G; then by the ﬁrst claim of the lemma we
have ðHnÞn ¼ 1n ¼ H: Now assume for contradiction that HoK :¼ ðHnÞn
4G: Using the ﬁrst claim of the lemma twice, we must have KnoHn and
K ¼ ðHnÞnoðKnÞn; contradicting our inductive hypothesis. ]
Corollary 4.6. Let G be a finite abelian group, and let U4G: Then
Un ﬃ G=U :
Proof. We ﬁrst prove the claim of the corollary when G is a p-group for
some prime p: By Lemma 4.5, the interval ½U ;G is isomorphic to the lattice
LðUnÞop; where X4Y inLðUnÞop if and only if Y4X inLðUnÞ: Applying
Lemma 4.5(i) toLðUnÞ; we getLðUnÞop ﬃLðUnÞ: Thus G=U and Un are
ﬁnite abelian p-groups with isomorphic subgroup lattices. The claim in this
case now follows from a result of Baer (see [2]), which also appears as
Theorem 2.6.8 in [18].
Now we turn to the general case. For an arbitrary ﬁnite abelian group H
and a prime p; we denote by PpðHÞ the Sylow p-subgroup of H: Let p be the
set of all primes, so G ¼ p2p PpðGÞ: If H4G is a p-group for some p 2 p;
we denote by H * p the dual of H (that is, Hn) in PpðGÞ: Let fe1; . . . ; erg be a
basis for G such that each ej has prime power order. Let g ¼
Pr
j¼1 gjej 2 G:
We may (and do) assume that 04gjojej j for each j: Thus, if jgj is a power of
the prime p and p does not divide jejj; then gj ¼ 0; so wgðejÞ ¼ wej ðgÞ ¼ 1: It
now follows from the fact that Hn ¼ Th2H kerðwhÞ; that if H4G is a p-
group for some p 2 p; then
Hn ¼ H * p 
M
q2p=fpg
PqðGÞ:
Thus, again using the description of Hn as an intersection of kernels, we see
that if U ¼ p2p PpðUÞ4G; then
Un ¼
M
p2p
ðPpðUÞÞ* p :
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Un ﬃ
M
p2p
PpðGÞ=PpðUÞ:
This last direct sum is isomorphic to G=U : ]
Our next goal is to deﬁne, for an endomorphism a of a ﬁnite abelian
group G; an endomorphism which is an adjoint to a in the appropriate
sense.
Definition 4.7. Let G be a ﬁnite abelian group, and let fe1; . . . ; emg be
a basis for G: Let a 2 EndðGÞ:
* A matrix of a with respect to the given basis is any matrix ðaijÞ 2
MmðZÞ satisfying aðejÞ ¼
Pm
k¼1 ajkek for 14j4m:
* If ðajkÞ is a matrix for a; then an is the endomorphism of G such that
the matrix ðanjkÞ deﬁned by
anjk :¼ akj
jekj
jej j ; 14j; k4m
is a matrix for an with respect to the given basis.
Since jaðejÞj divides jejj for all j; anjk is an integer for all j; k 2 ½m: Also, if
ðajkÞ is a ﬁxed matrix for a with respect to a given basis, then the set of all
matrices for a with respect to that basis consists of all ðbjkÞ 2 MmðZÞ such
that jekj divides ajk  bjk for all pairs j; k: Hence, an is well deﬁned.
Lemma 4.8. Let G be a finite abelian group, and let a 2 AutðGÞ: Then
(i) an 2 AutðGÞ and ðanÞ1 ¼ ða1Þn:
(ii) For all g; h 2 G; wgaðhÞ ¼ wgðhanÞ:
Proof. A straightforward matrix calculation shows that for a; b 2
EndðGÞ we have ðabÞn ¼ bnan: The ﬁrst claim follows immediately from
this and the fact that idn ¼ id: To prove the second claim, it sufﬁces to
show that the claimed equality holds when g ¼ ej and h ¼ ek for arbitrary
j; k 2 ½m; and the equality in these cases follows immediately from the
deﬁnitions. ]
Corollary 4.9. Let G be a finite abelian group, and let H;K4G: Then
H and K are conjugate under the action of AutðGÞ if and only if Hn and Kn
are conjugate under that action. In particular, if ðG : HÞ ¼ ðG : KÞ ¼ 2; then
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conjugate.
Proof. It follows from Lemma 4.8 that for any g 2 G and a 2 AutðGÞ we
have kerðwgaÞ ¼ kerðwgÞða
nÞ1 : Moreover, it was established in the proof of
Lemma 4.5 that H ¼ Tg2Hn kerðwgÞ: Given these two facts, and the fact that
ða1Þn ¼ ðanÞ1; it is straightforward to show that if Ha ¼ K then ðKnÞan ¼
Hn: The particular statement follows from Corollary 4.6. ]
With the desired duality result in hand, we now investigate the action of
AutðGÞ on involutions in G in the case when G is a ﬁnite abelian 2-group.
We work in a slightly more general setting, investigating the action of
AutðGÞ on subgroups of G of order p when G is a ﬁnite abelian p-group.
We will make use of the following well-known fact (see, for example,
[9, Chap. XI, Proposition 3]).
Lemma 4.10. Let G be a finite abelian group, and let X be a cyclic
subgroup of G such that the order of X equals the exponent of G: Then X has a
complement in G; in particular, there exists a basis for G; which includes a
generator of X :
For the remainder of this subsection, p is a prime, G ¼ Gðp; lÞ is a ﬁnite
abelian p-group of type l; and fe1; . . . ; erg is a basis for G:
Definition 4.11. Let X4G with jX j ¼ p: Deﬁne
mðXÞ :¼ maxfjU j : X4U4G;U cyclicg:
Lemma 4.12. Let X4G with jX j ¼ p; and let x ¼Prj¼1 ajej generate X :
Then
mðXÞ ¼ minfplj : ajc0ðplj Þg:
Proof. Let U4G be cyclic such that X4U and jU j ¼ mðX Þ: There
exists some generator u ¼Prj¼1 bjej of U such that mðXÞp u ¼ x: If pljomðXÞ
then mðXÞ
p
bj  0 mod plj : On the other hand, if aj  0ðplj Þ whenever ljoli
then pli1 divides aj for all j: Let gj ¼ p1liaj; and set u ¼
Pr
j¼1 gjej: Then
juj ¼ pli and pli1u ¼ x: ]
Our next result explains the signiﬁcance of the invariant mðXÞ:
Lemma 4.13. Let X ;Y4G with jX j ¼ jY j ¼ p: Then X and Y are
conjugate under the action of AutðGÞ if and only if mðXÞ ¼ mðYÞ:
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Then amaps each cyclic subgroup of G containing X to a cyclic subgroup of
G containing Y ; and it follows immediately that mðX Þ ¼ mðY Þ:
Now assume that there exist cyclic subgroups T ;U4G such that X4T ;
Y4U and jT j ¼ mðXÞ ¼ mðYÞ ¼ jU j: Set K ¼ hej : jejj > mðXÞi: Note that
every maximal cyclic subgroup of K has order greater than mðX Þ: Thus
T \ K ¼ 0; since otherwise we would have X4K and mðX Þ > jT j: Let %G ¼
G=K ; and let %T be the image of T under the natural projection from G to %G:
Then %T ﬃ T ; and j %T j is the exponent of %G: By Lemma 4.10, there exists a
complement %S to %T in %G: Let S be the full preimage of %S in G: It is
straightforward to show that G ¼ S  T : By the same argument, there exists
a complement to U in G: It follows that there is an automorphism of G
which maps T to U : ]
For each positive integer i let
Mi :¼ fX4G : jX j ¼ p and mðXÞ ¼ pig:
Corollary 4.14. For each i 2 N we have
jMij ¼ p
l0i  pl0iþ1
p 1 ;
where l0 is the partition conjugate to l:
Proof. Since a group of prime order p has p 1 generators, jMij can be
obtained by dividing by p 1 the number of elements of order p in G which
generate a subgroup X satisfying mðX Þ ¼ pi: Let x ¼Prj¼1 ajej 2 G with
jxj ¼ p: Since jxj ¼ p; plj1 divides aj for all j: Let X ¼ hxi: By Lemma 4.12,
we have mðX Þ ¼ pi if and only if aj  0ðplj Þ whenever ljoi and there exists
some j such that lj ¼ i and ajc0ðplj Þ: There are ðpmiðlÞ  1Þ
Q
k>i p
mkðlÞ ¼
pl
0
i  pl0iþ1 ways to choose such an element x: ]
4.2. Correspondence of Index two Subgroups and Hyperplanes
Here we will describe an explicit bijection between the maximal subgroups
of a ﬁnite abelian 2-group G and the non-zero elements of G=FðGÞ: This will
allow us to correctly assign the functions YGGPðzÞ or YGNG ðzÞ to the variables
of the formula given in Theorem 3.1 when Rn is HwAn or Wn: As a result,
we obtain a fairly simple formula expressing the generating function for
jHomðG;HwAnÞj in terms of that for jHomðG;HwSnÞj and the inner func-
tions YGGPðzÞ; along with an analogous formula expressing the generating
function for jHomðG;WnÞj in terms of that for jHomðG;C2wSnÞj and
functions YGNG ðzÞ: For the remainder of this subsection, G ¼ Gð2; lÞ is
a ﬁnite abelian 2-group with basis fe1; . . . ; erg:
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er þ FðGÞg is a basis for G=FðGÞ: From now on, we will write ei for ei þ
FðGÞ: Let t ¼Prj¼1 tjej 2 G: Then t is an involution if and only if (i) tj 
0ð2lj Þ or tj  2lj1ð2lj Þ for all j; and (ii) tjc0ð2lj Þ for some j 2 ½r: In order
to describe the desired bijection between the maximal subgroups of G and
the non-zero elements of G=FðGÞ; we will deﬁne a correspondence between
the minimal subgroups of these two groups and examine the relation
between duality in G and orthogonality in G=FðGÞ:
Definition 4.15. Let t ¼Prj¼1 tjej 2 G be an involution.
* SðtÞ :¼ fj 2 ½r : tj  2lj1ð2lj Þg:
* vðtÞ :¼Pj2SðtÞ ej 2 G=FðGÞ:
If we think of t and vðtÞ as vectors with respect to the bases fejg and fejg;
then vðtÞ is the vector over F2 which has zero entries exactly where t has
trivial entries tj  0ð2lj Þ:
Lemma 4.16. Let h:; :i be the usual inner product on G=FðGÞ with respect
to the basis e1; . . . ; er: Let M be a maximal subgroup of G; and let t 2 G be the
involution generating Mn: Then
M=FðGÞ ¼ fx 2 G=FðGÞ : hvðtÞ; xi ¼ 0g:
Proof. Write t ¼Prj¼1 tjej: By deﬁnition, for g ¼Prj¼1 ajej we have
wgðtÞ ¼ wtðgÞ ¼ ð1Þ
P
j2SðtÞ aj ¼ ð1Þjf j2SðtÞ : aj1 ð2Þgj:
Thus, g 2 M if and only if jf j 2 SðtÞ : aj  1 ð2Þgj is even. Now note that
FðGÞ ¼ f2g : g 2 Gg: Therefore
gþ FðGÞ ¼
X
aj1 ð2Þ
ej
and
hgþ FðGÞ; vðtÞi  jfj 2 SðtÞ : aj  1 ð2Þgjmod 2:
The lemma follows immediately. ]
Our next result provides the desired reduction formulae (compare the
remark in Section 1, Corollary 4.9, and Lemma 4.13).
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subgroup of order 2 with mðTiÞ ¼ 2i: Let Mi ¼ Tni ; and set YiðzÞ ¼ YGMiðzÞ
and YðiÞðzÞ ¼ YMiG ðzÞ: For all i 2 N such that miðlÞ ¼ 0; setYiðzÞ ¼ YðiÞðzÞ ¼
0: For a given finite group H; write SG;HðzÞ for
P
n50
jHomðG;HwSnÞj
n! z
n;
and AG;HðzÞ for
P
n50
jHomðG;HwAnÞj
n! z
n: Moreover, write WGðzÞ forP
n50
jHomðG;WnÞj
n! z
n: For a 2 N define
CaðzÞ :¼
X
ioa
ð2l0i  2l0iþ1ÞYiðzÞ þ 2l
0
aYaðzÞ
and
CðaÞðzÞ :¼
X
ioa
ð2l0i  2l0iþ1ÞYðiÞðzÞ þ 2l0aYðaÞðzÞ:
Then for any finite group H we have
AG;HðzÞ ¼SG;HðzÞ
2r
1þ
X
a2N
ð2l01l0aþ1  2l01l0aÞeCaðzÞ
" #
;
where r is the rank of G: Also,
WGðzÞ ¼SG;C2ðzÞ
2r
1þ
X
a2N
ð2l01l0aþ1  2l01l0aÞeCðaÞðzÞ
" #
:
Proof. We will prove the formula forAG;HðzÞ: The proof of the formula
for WGðzÞ is essentially the same. Let V be a vector space of dimension r
over F2 with basis fe1; . . . ; erg; and let h:; :i be the usual inner product on V
with respect to this basis. For i 2 N such that miðlÞ > 0 deﬁne
Vi :¼ hej : lj5ii
and
iþ :¼ minfk > i : mkðlÞ > 0g; ial1;1; i ¼ l1:
(
Note that jVij ¼ 2l0i : By Theorems 1.3 and 3.1, and Lemmas 4.12 and 4.16,
we have
AG;HðzÞ ¼ 2r
X
v2V
exp
X
x2v?
Yx 
X
x2Vv?
Yx
 !
;
where Yo ¼ YGGðzÞ; and, for x 2 V  fog; Yx ¼ YiðzÞ if and only if x 2
Vi  Viþ : Let V ] ¼ V  fog: It follows from Corollary 4.6 and Lemmas
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YGMðzÞ such that ðG :MÞ42: Thus, it follows from Corollary 1.4 and the
deﬁnition of the YGMðzÞ that
SG;HðzÞ ¼ exp
X
x2V
Yx
 !
:
Therefore,
AG;HðzÞ ¼SG;HðzÞ
2r
1þ
X
v2V ]
exp 2
X
x2Vv?
Yx
 !" #
:
For ﬁxed v 2 V ]; we get
2
X
x2Vv?
Yx ¼
X
miðlÞ>0
aiðvÞYiðzÞ;
where
aiðvÞ ¼ 2ðjVi  v?j  jViþ  v?jÞ
¼
2l
0
i  2l0iþ1 ; Viþ4/ v?;
2l
0
i ; Viþ4v?;Vi4/ v?;
0; Vi4v?:
8><
>:
Note that Vi4v? if and only if v 2 V?i ¼ hej : ljoii: Write v ¼
Pr
j¼1 ajej
and deﬁne
aðvÞ :¼ maxflj : aja0g:
Then v =2 V?i if and only if i4aðvÞ; and we get
2
X
x2Vv?
Yx ¼
X
ioaðvÞ
ð2l0i  2l0iþ1ÞYiðzÞ þ 2l
0
aðvÞYaðvÞðzÞ ¼ CaðvÞðzÞ:
For a 2 N; the number of v 2 V ] such that aðvÞ ¼ a is 2l01l0aþ1  2l01l0a ; and
we are done. ]
4.3. The Function SGðp;lÞ;HðzÞ
Let G ¼ Gðp; lÞ be an abelian p-group of type l: Then jGj ¼ pjlj; and a
subgroup of G of index pr is isomorphic to Gðp; mÞ for some m such that
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SGðp;lÞ;HðzÞ ¼
X1
n¼0
jHomðGðp; lÞ;HwSnÞj
n!
zn
¼ exp
Xjlj
r¼0
prjHjpr1sHG ðprÞzp
r
 !
; ð22Þ
where sHG ðprÞ ¼
P
ðG : UÞ¼pr jHomðU ;HÞj: We will make this generating
function more explicit by giving a formula for sHG ðprÞ: To this end we make
use of a known formula, which enumerates subgroups in Gðp; lÞ of given
isomorphism type. Note that this formula also gives the number of quotients
of G of the same isomorphism type (this is well known, and follows from
Corollary 4.6). Recall that for a prime power q; the q-binomial coefﬁcient
ðn
k
Þq is deﬁned to be the number of k-dimensional subspaces in an n-
dimensional vector space over the ﬁeld with q elements. It is well
known that
n
k
 !
q
¼
Yk1
j¼0
qnj  1
qkj  1:
Proposition 4.18 (Miller [10]). Let l; m be partitions, and let p be a
prime. Then Gðp; lÞ contains a subgroup isomorphic to Gðp; mÞ if and only if
mDl: If mDl; then the number of subgroups of Gðp; lÞ isomorphic to Gðp; mÞ is
Y
i51
pm
0
iþ1ðl0im0iÞ l
0
i  m0iþ1
m0i  m0iþ1
 !
p
:
Corollary 4.19. Let G ¼ Gðp; lÞ be a finite abelian p-group, and let H
be any finite group. Then
sHG ðprÞ ¼
X
mDl
jljjmj¼r
Y
i51
pm
0
iþ1ðl0im0iÞ l
0
i  m0iþ1
m0i  m0iþ1
 !
p
jHomðGðp; mÞ;HÞj:
Combining formula (22) with Corollary 4.19, we obtain an explicit
formula for SGðp;lÞ;HðzÞ: We will use the notation
fpðm;HÞ :¼ jHomðGðp; mÞ;HÞj;
where p is a prime, m is a partition, and H is a ﬁnite group.
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let H be any finite group. Then
SG;HðzÞ
¼ exp
Xjlj
r¼0
X
mDl
jljjmj¼r
prjHjpr1
Y
i51
pm
0
iþ1ðl0im0iÞ l
0
i  m0iþ1
m0i  m0iþ1
 !
p
fpðm;HÞzpr
0
BB@
1
CCA:
ð23Þ
4.4. The function AGð2;lÞ;HðzÞ
Let G ¼ Gð2; lÞ be a ﬁnite abelian 2-group and ﬁx any ﬁnite group H:
Given the main results of the previous two subsections, we can obtain an
explicit formula for the exponential generating function of the sequence
jHomðG;HwAnÞj by ﬁnding explicit formulae for the functionsYGMðzÞ for all
MoG such that ðG : MÞ ¼ 2: By deﬁnition, we have
YGMðzÞ ¼
Xjlj
r¼0
jHj2r1sð2r;M;GÞ
2r
z2
r
;
where
sð2r;M;GÞ ¼
X
ðG : UÞ¼2r
t1
U
ðAðU=GÞÞ¼M
jHomðU ;HÞj:
Recall that t1U ðAðU =GÞÞ is simply the set of elements of G which act as
alternating permutations on the coset space U =G: Our ﬁrst step is to ﬁx M
and determine which subgroups U4G satisfy t1U ðAðU =GÞÞ ¼ M: This step
is straightforward for an arbitrary ﬁnite abelian group.
Lemma 4.21. Let G be a finite abelian group, and fix MoG with
ðG : MÞ ¼ 2: Let U4G: Then t1U ðAðU =GÞÞ ¼ M if and only if U4M
and the Sylow 2-subgroup of G=U is cyclic.
Proof. Since G is abelian, we have UIG: It follows that tUðGÞ4
SðU =GÞ is the image of G=U under its regular permutation representa-
tion rU : G=U ! SðU =GÞ: Let n ¼ ðG : UÞ: If n is odd, then the claim of
the lemma holds trivially, so we can assume that n is even. If %x 2 G=U has
order m; then rUð %xÞ is the product of nm m-cycles. Thus, rUð %xÞ =2 AðU =GÞ if
and only if m is even and n=m is odd. This last condition holds if and only if
%x generates the Sylow 2-subgroup of G=U : It follows that t1U ðAðU =GÞÞaG
if and only if the Sylow 2-subgroup of G=U is cyclic. If this last condition
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of index 2 in G which contains U : ]
The corollary below now follows easily from Corollary 4.6.
Corollary 4.22. Let G ¼ Gð2; lÞ be a finite abelian 2-group, and let M
be a maximal subgroup of G: Let T ¼ Mn; and denote by CðTÞ the set of all
cyclic subgroups of G containing T : Then we have
sð2r;M;GÞ ¼
X
C2CðTÞ
jCj¼2r
jHomðG=C;HÞj; 04r4jlj:
The remainder of this subsection will be devoted to ﬁnding a more explicit
formula for the sum given in Corollary 4.22. Of course, if S and T are
minimal subgroups of G ¼ Gð2; lÞ which are conjugate under the action of
AutðGÞ; then sð2r;Sn;GÞ ¼ sð2r;Tn;GÞ for all r: Thus, we can examine one
representative for each AutðGÞ conjugacy class of minimal subgroups. We
saw in Section 4.2 that the class of a minimal subgroup T is determined by
its invariant mðTÞ; and the size of each class was determined in Corollary
4.14. The main point below is that if U4G is a non-trivial cyclic subgroup
and T is the minimal subgroup of G contained in U ; then mðTÞ is explicitly
determined by the isomorphism type of G=U : This reduces the problem of
giving the desired explicit formula to that of determining, for a ﬁxed
partition mDl; the number of cyclic subgroups C4G of order 2r such that
G=C ﬃ Gð2; mÞ: In other words, we need to know glm;ðrÞð2Þ for mDl and
14r4l1: Although the known explicit formulae for the Hall polynomials
glm;nðtÞ are quite complicated, a relatively simple formula exists when one of
the partitions m; n has only one part. We begin with the main point.
Definition 4.23. Let l and m be partitions with m  l: Deﬁne
iðm; lÞ :¼ maxfj : mjðmÞomjðlÞg:
Lemma 4.24. Let C be a non-trivial cyclic subgroup of G ¼ Gðp; lÞ with
G=C ﬃ Gðp; mÞ: Let T be the minimal subgroup of G contained in C: Then
mðTÞ ¼ piðm;lÞ:
Proof. Let fe1; . . . ; erg be a basis for G with jeij ¼ pli : For j 2 N; deﬁne
G5j :¼ hek : lk5ji and Goj :¼ hek : lkoji:
First note that for any j we have T4G5j if and only if C \ G5ja0: By
Lemma 4.12 we have mðTÞ5pj if and only if T4G5j: Thus, mðTÞopj if
and only if C \ G5j ¼ 0: We can now ﬁnish the proof by showing that
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the image of K under the natural projection from G to %G: If C \ G5j ¼ 0;
then %G5j ﬃ G5j: This implies that ðl1; . . . ; ll0j ÞDm; and, since mDl; we must
have mkðmÞ ¼ mkðlÞ for all k5j: Thus, iðm; lÞoj: If, on the other hand,
C \ G5ja0; then there is some n  ðl1; . . . ; ll0j Þ (note the proper contain-
ment) such that %G5j ﬃ Gðp; nÞ: Since G is abelian and %G ¼ %G5j þ %Goj ; %G is
a homomorphic image of H ¼ %G5j  %Goj: Now H ﬃ Gðp; rÞ for some
partition r; and for k5j we have mkðmÞ4mkðrÞ4mkðnÞ: There is some k5j
such that mkðnÞomkðlÞ; so iðm; lÞ5j: ]
Now we state the result for the Hall polynomials glm;ðrÞðtÞ which is given in
[8]. We require some additional deﬁnitions from the theory of partitions, all
of which appear in the ﬁrst chapter of [8]. If l and m are partitions with mDl;
then l m is a sequence of non-negative integers, as is l0  m0: The sequence
l m is called a horizontal r-strip if l0i  m0i41 for all i and jlj  jmj ¼ r: If
l m is a horizontal r-strip, deﬁne
Iðl; mÞ :¼ fi 2 N : l0i  m0i ¼ 1; l0iþ1  m0iþ1 ¼ 0g:
For any partition l; put
nðlÞ :¼
X
i
ði  1Þli ¼
X
i
l0i
2
 !
:
Proposition 4.25 (Macdonald [8, Chap. II, 4.13]). Let l and m be
partitions with mDl; and let r 2 N: If l m is not a horizontal r-strip, then
glm;ðrÞðtÞ ¼ 0: If l m is a horizontal r-strip, then
glm;ðrÞðtÞ ¼
tnðlÞnðmÞ
1 t1
Y
i2Iðl;mÞ
ð1 tmiðlÞÞ:
We can now combine the results we have obtained so far in order to give
the desired explicit formula for the function AGð2;lÞ;HðzÞ:
Definition 4.26. Let G ¼ Gð2; lÞ be a ﬁnite abelian 2-group, and let
r; i 2 N: Deﬁne
Pðl; i; rÞ :¼ fmDl : l m is a horizontal r-strip; and iðm; lÞ ¼ ig:
Lemma 4.27. Let M be a maximal subgroup of G ¼ Gð2; lÞ; and let r be a
positive integer. If mðMnÞ ¼ 2i; then
sð2r;M;GÞ ¼ 2
1þnðlÞ
2l
0
i  2l0iþ1
X
m2Pðl;i;rÞ
2nðmÞ
Y
j2Iðl;mÞ
ð1 2mjðlÞÞf2ðm;HÞ;
where f2ðm;HÞ ¼ jHomðGð2; mÞ;HÞj:
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of AutðGÞ: By Corollary 4.22 and Lemma 4.24 we have
sð2r;M;GÞ ¼ 1
CðMnÞ
X
m2Pðl;i;rÞ
glm;ðrÞð2Þf2ðm;HÞ; 04m4jlj:
The lemma now follows from Corollary 4.14 and Proposition 4.25. ]
Corollary 4.28. Let M be a maximal subgroup of G ¼ Gð2; lÞ: If
mðMnÞ ¼ 2i; then
YGMðzÞ ¼
21þnðlÞ
jHjð2l0i  2l0iþ1Þ
X
0or4l1
1
2r
X
m2Pðl;i;rÞ
1
2nðmÞ

Y
j2Iðl;mÞ
2mjðlÞ  1
2mjðlÞ
f2ðm;HÞðjHjzÞ2
r
:
Proof. This follows immediately from Lemma 4.27. ]
An explicit formula for the exponential generating function AGð2;lÞ;HðzÞ
of the sequence fjHomðGð2; lÞ;HwAnÞjg1n¼0 can now be obtained by
combining the results of Propositions 4.17 and 4.20, and Corollary 4.28,
observing that the function YGMðzÞ of Corollary 4.28 is equal to the function
YiðzÞ of Proposition 4.17.
4.5. The Function WGð2;lÞðzÞ
Proposition 4.17 can be used, in the same way as it was used in the
alternating wreath product case, to determine an explicit exponential
generating function for the sequence jHomðG;WnÞj; where G ¼ Gð2; lÞ is an
abelian 2-group of type l: To do this, we have to calculate YMG ðzÞ for all
maximal subgroups MoG: By deﬁnition,
YMG ðzÞ ¼
Xjlj
r¼0
22
rr1sð2r;G;MÞz2r ;
where
sð2r;G;MÞ ¼
X
ðG : UÞ¼2r
jfw 2 HomðU ;C2Þ : Gw ¼ Mgj; 04r4jlj:
Here, Gw is as deﬁned in Section 1. When G is abelian, it is easy to
determine Gw:
Lemma 4.29. Let G be a finite abelian group, and let U4G: Let w :
U ! C2 be a homomorphism with kernel K : Then
(i) If K ¼ U or if the Sylow 2-subgroup of G=K is not cyclic, then
Gw ¼ G:
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the unique subgroup of index 2 in G which contains K :
Proof. We will use multiplicative notation. If K ¼ U it follows
immediately that Gw ¼ G; so we can assume that ðU : KÞ ¼ 2: Let T ¼
ft1; . . . ; tdg be a right transversal for U in G: For any g 2 G; the map ti/tig
is by deﬁnition a permutation of T : Since G is abelian and w is a
homomorphism, this givesYd
i¼1
wðtigtig1Þ ¼ wðgdÞ:
Therefore, Gw ¼ fg 2 G : gd 2 Kg: Let P be the Sylow 2-subgroup of G=K ;
and let Q be the complement to P in G=K : Then jQj divides d; so for any
%g 2 Q; we have %gd ¼ 1: Thus, GwoG if and only if there is some %h 2 P such
that %h
d
a1:Write d ¼ 2ab with b odd, so jPj ¼ 2aþ1: Then for %h 2 P; we have
%h
d ¼ 1 if and only if %h2
a
¼ 1: Therefore, there is some %h 2 P with %hda1 if
and only if P is cyclic. If P is cyclic, then G=K contains a unique subgroup of
index 2, whose full preimage in G is the unique subgroup of index 2 in G
which contains K ; which therefore must coincide with Gw: ]
Before using this result, we introduce some notation.
Definition 4.30. Let l be a partition, and let r be a non-negative
integer. Then l r is the partition whose parts are given by
ðl rÞj :¼ maxflj  r; 0g; j51:
Corollary 4.31. Let M be a maximal subgroup of G ¼ Gð2; lÞ; and let
r be a non-negative integer. Then
sð2r;G;MÞ ¼
jGj
2rþjlrj; 2
romðMnÞ;
0 otherwise:
(
Proof. Note that if K4U4G with ðU : KÞ ¼ 2 then there is a unique
homomorphism from U to C2 with kernel K : By Corollary 4.6 and Lemma
4.29, we have
sð2r;G;MÞ ¼ jfK4M : G=K ﬃ C2rþ1gj ¼ jfC4G : Mn4C;C ﬃ C2rþ1gj:
Let fe1; . . . ; erg be a basis for G; and let t generate Mn: By Lemma 4.12, we
may assume that t ¼ 2lj1ej ; where mðMnÞ ¼ 2lj : If r5lj then sð2r;G;MÞ
¼ 0 by the deﬁnition of mðMnÞ:Now assume rolj; and let Mn4C4G with
C ﬃ C2rþ1 : Then there is a unique generator c ¼
Pr
i¼1 giei; 04giojeij; of C
MU¨LLER AND SHARESHIAN308such that gj ¼ 2ljr1; and for iaj we must have 2li j 2rgi: Moreover, any c
satisfying these conditions generates a group of order 2rþ1 containing t: We
now choose such a c: Fix iaj: If li5r; then there are 2r ways to choose gi;
while if lior; then there are 2li ways to choose gi: These choices can be
made independently, so there are 2k ways to choose c; where
k ¼ r 1þ
X
i5r
miðlÞ
 !
þ
X
ior
imiðlÞ ¼ jlj  ðrþ jl rjÞ:
The corollary follows, since jGj ¼ 2jlj: ]
The next corollary now follows immediately from the deﬁnition of YMG ðzÞ
and easy calculations, and, when combined with Propositions 4.17 and 4.20,
gives an explicit formula for the generating function WGð2;lÞðzÞ:
Corollary 4.32. Let M be a maximal subgroup of G ¼ Gð2; lÞ with
mðMnÞ ¼ 2i: Then
YMG ðzÞ ¼ jGj
Xi1
r¼0
ð2zÞ2r
21þ2rþjlrj
:
4.6. An Example
Here, we brieﬂy interrupt our train of thought to discuss the case when G
is a homogeneous abelian p-group. The formulae associated with the wreath
product representations of such a group take a rather pleasant form, and
serve well to illustrate the results obtained so far in this section. Moreover,
the special case when G is elementary abelian will play an important role in
[17], which deals with the Quillen complex of groups of the form HwSn;
HwAn; and Wn: The general discussion of ﬁnite abelian groups will be
resumed and brought to an end in the next subsection.
Let G ¼ rCpa be the homogeneous abelian p-group of rank r and exponent
pa; and let H be a ﬁnite group. The type l of G is of the form l ¼ ðarÞ;
l0 ¼ ðraÞ; and, by Proposition 4.20
X1
n¼0
jHomðG;HwSnÞj
n!
zn
¼ exp
 
1
jHj
Xar
r¼0
prðjHjzÞpr
X
mDðarÞ
jmj¼arr
fpðm;HÞ

Ya
i¼1
pm
0
iþ1ðrm0iÞ r m
0
iþ1
m0i  m0iþ1
 !
p
!
: ð24Þ
ENUMERATING REPRESENTATIONS IN FINITE WREATH PRODUCTS II 309For the remainder of this subsection we take p ¼ 2; i.e., G ¼ Gð2; lÞ with l
as above. If MoG is a maximal subgroup, then mðMnÞ ¼ 2a; that is, all
maximal subgroups of G are conjugate under the action of AutðGÞ: In the
context of Corollary 4.28 we have Pðl; a; rÞ ¼ fmg; where m is the partition
consisting of r 1 parts a; and a last part a r: Also, for this m; Iðl; mÞ ¼
fag: Hence,
YaðzÞ ¼ 2
1r
jHj
Xa
r¼1
2rðr2ÞjHomððr 1ÞC2a  C2ar ;HÞjðjHjzÞ2
r
;
and, by Proposition 4.17
X1
n¼0
jHomðG;HwAnÞj
n!
zn
¼ 2r
X1
n¼0
jHomðG;HwSnÞj
n!
zn
 !
 1þ ð2r  1Þexp  2jHj
Xa
r¼1
2rðr2Þ
 (
 jHomððr 1ÞC2a  C2ar ;HÞjðjHjzÞ2
r
!)
: ð25Þ
Also, by Corollary 4.32
YðaÞðzÞ ¼ 1
2
X
04roa
2rðr2Þ ð2zÞ2r ;
and Proposition 4.17 yields
X1
n¼0
jHomðG;WnÞj
n!
zn
¼ 2r
X1
n¼0
jHomðG;C2wSnÞj
n!
zn
 !
 1þ ð2r  1Þexp 2r1
X
04roa
2rðr2Þð2zÞ2r
 !( )
: ð26Þ
For a ¼ 1; that is, G elementary abelian, formulae (24)–(26) simplify further.
Reverting to multiplicative notation we ﬁnd that for r50 and every ﬁnite
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X1
n¼0
jHomðCrp;HwSnÞj
n!
zn
¼ exp 1jHj
Xr
r¼0
pr
r
r
 !
p
jHomðCrrp ;HÞjðjHjzÞp
r
0
@
1
A; ð27Þ
X1
n¼0
jHomðCr2;HwAnÞj
n!
zn
¼ 2r
X1
n¼0
jHomðCr2;HwSnÞj
n!
zn
 !
 1þ ð2r  1Þexp 2
r1
jHj jHomðC
r1
2 ;HÞjðjHjzÞ2
   
ð28Þ
and
X1
n¼0
jHomðCr2;WnÞj
n!
zn
¼ 2r
X1
n¼0
jHomðCr2;C2wSnÞj
n!
zn
 !
f1þ ð2r  1Þe2rzg: ð29Þ
4.7. Extending the Results
We now extend the results obtained above for ﬁnite abelian 2-groups to
arbitrary ﬁnite abelian groups. If G is a ﬁnite abelian group and P is the
Sylow 2-subgroup of G; then G ¼ P  Q; where Q is the direct sum of
the Sylow subgroups of odd order in G: Every subgroup of index 2 in G is of
the form M  Q; where M is a maximal subgroup of P: This immediately
gives a correspondence of FG with FP; identifying zðMQ;M 0QÞ with zðM;M 0Þ
(see [14, Proposition 2]). With this fact in hand, most of the work needed to
extend our earlier results to arbitrary ﬁnite abelian groups is routine.
Definition 4.33. Let p be the set of all primes. A p-partition lðpÞ is a set
of partitions flðpÞ : p 2 pg; indexed by the elements of p; such that jlðpÞj ¼ 0
for all but ﬁnitely many primes p: We deﬁne a partial order DðpÞ on the set
of all p-partitions by mðpÞDðpÞl
ðpÞ if and only if mðpÞDlðpÞ for all p 2 p: For
any p-partition lðpÞ; the ﬁnite abelian group GðlðpÞÞ is deﬁned as
GðlðpÞÞ :¼
M
p2p
Gðp; lðpÞÞ:
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Proposition 4.20. We ﬁrst introduce some notation.
Definition 4.34. Let p be a prime, and let l; m be partitions with mDl:
Deﬁne
hpðl; mÞ :¼
Y
i51
pm
0
iþ1ðl0im0iÞ l
0
i  m0iþ1
m0i  m0iþ1
 !
p
:
Let lðpÞ and mðpÞ be p-partitions with mðpÞDðpÞl
ðpÞ: Deﬁne
jðlðpÞ; mðpÞÞ :¼
Y
p2p
pjl
ðpÞjjmðpÞj;
and for any p-partition mðpÞ and any ﬁnite group H deﬁne
f ðmðpÞ;HÞ :¼ jHomðGðmðpÞÞ;HÞj:
Proposition 4.35. Let G ¼ GðlðpÞÞ be a finite abelian group of order m;
and let H be any finite group. Then
sHG ðdÞ ¼
X
mðpÞDðpÞl
ðpÞ
jðlðpÞ;mðpÞÞ¼d
f ðmðpÞ;HÞ
Y
p2p
hpðlðpÞ; mðpÞÞ; d jm:
Proof. This follows from Proposition 4.18. ]
It is worth remarking at this point that if H is abelian, then
f ðmðpÞ;HÞ ¼
Y
p2p
fpðmðpÞ;HÞ;
where fpðmðpÞ;HÞ is as deﬁned before Proposition 4.20.
Corollary 4.36. Let G ¼ GðlðpÞÞ be a finite abelian group of order m;
and let H be any finite group. Then
X1
n¼0
jHomðG;HwSnÞj
n!
zn
¼ exp 1jHj
X
d j m
1
d
X
mðpÞDðpÞl
ðpÞ
jðlðpÞ;mðpÞÞ¼d
f ðmðpÞ;HÞ
Y
p2p
hpðlðpÞ; mðpÞÞðjHjzÞd
0
BBB@
1
CCCA:
Proof. This follows from (6) and Proposition 4.35. ]
MU¨LLER AND SHARESHIAN312We now turn to the wreath products HwAn and the Weyl groups Wn:
Given the correspondence between FGðzÞ and FPðzÞ described above, it is
straightforward to adjust the proof of Proposition 4.17 to obtain a proof of
the generalization below, which applies to an arbitrary ﬁnite abelian group.
Definition 4.37 Let lðpÞ be a p-partition, and let G ¼ GðlðpÞÞ be a ﬁnite
abelian group of type lðpÞ: For T4G with jT j ¼ 2; deﬁne
m2ðTÞ :¼ maxfjCj : C a cyclic 2-subgroup containing Tg:
Proposition 4.38 Let G ¼ GðlðpÞÞ be a finite abelian group, and let l ¼
lð2Þ: For each i such that miðlÞa0; let Ti4G be a subgroup of order 2 with
m2ðTiÞ ¼ 2i: Let Mi ¼ Tni ; and set YiðzÞ ¼ YGMiðzÞ and YðiÞðzÞ ¼ YMiG ðzÞ: For
all i 2 N such that miðlÞ ¼ 0; set YiðzÞ ¼ YðiÞðzÞ ¼ 0: For a given finite
group H; write SG;HðzÞ for
P
n50
jHomðG;HwSnÞj
n! z
n; and AG;HðzÞ forP
n50
jHomðG;HwAnÞj
n! z
n: Moreover, write WGðzÞ for
P
n50
jHomðG;WnÞj
n! z
n:
For a 2 N define
Cð2Þa ðzÞ :¼
X
ioa
ð2l0i  2l0iþ1ÞYiðzÞ þ 2l
0
aYaðzÞ
and
C
ðaÞ
ð2Þ ðzÞ :¼
X
ioa
ð2l0i  2l0iþ1ÞYðiÞðzÞ þ 2l0aYðaÞðzÞ:
Then for any finite group H we have
AG;HðzÞ ¼ SG;HðzÞ
2l
0
1
1þ
X
a2N
ð2l01l0aþ1  2l01l0aÞeCð2Þa ðzÞ
" #
:
Also,
WGðzÞ ¼SG;C2ðzÞ
2l
0
1
1þ
X
a2N
ð2l01l0aþ1  2l01l0aÞeC
ðaÞ
ð2Þ ðzÞ
" #
:
Thus, we can provide results on ﬁnite abelian groups analogous to those
stated for ﬁnite abelian 2-groups by determining the functions YiðzÞ and
YðiÞðzÞ of Proposition 4.38. We begin with the case of alternating wreath
products. First, we must introduce some additional notation.
Definition 4.39. For a set p of primes, deﬁne p1 :¼ p f2g: For a
partition l and a non-negative integer i; deﬁne
Xðl; iÞ :¼ fmDl : jmj þ i ¼ jljg
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lðl; iÞ :¼ 2
1þnðlÞ
2l
0
i  2l0iþ1 ;
provided the latter is well deﬁned.
Note that when examining the alternating wreath product case, we may
assume that lð2Þ is not the empty partition, since otherwise jGj is odd, and
the image of every homomorphism from G to HwSn lies in HwAn: We will
provide the generalization of Lemma 4.27 to arbitrary ﬁnite abelian groups
by computing the functions sðd;M;GÞ for all M such that ðG : MÞ ¼ 2;
where sðd;M;GÞ is as deﬁned in Section 1.
Theorem 4.40. Let G ¼ GðlðpÞÞ be a finite abelian group, and let H be
any finite group. Let MoG with ðG : MÞ ¼ 2 and m2ðMnÞ ¼ 2i: Let d ¼Q
p2p p
dp be a divisor of jGj: For mð2Þ 2 Pðlð2Þ; i; d2Þ; set
kðlð2Þ; mð2ÞÞ :¼
Q
j2Iðlð2Þ;mð2ÞÞð1 2mjðl
ð2ÞÞÞ
2nðmð2ÞÞ
:
Set
GðlðpÞÞ :¼fmðpÞDðÞ lðpÞ : mð2Þ 2 Pðlð2Þ; i; d2Þ and mðpÞ 2 XðlðpÞ; dpÞ
for all p 2 p1g:
Then
sðd;M;GÞ ¼ lðlð2Þ; iÞ
X
mðpÞ2GðlðpÞÞ
kðlð2Þ; mð2ÞÞ
Y
p2p1
hpðlðpÞ; mðpÞÞf ðmðpÞ;HÞ:
Proof. For any p 2 p; let PpðGÞ be the Sylow p-subgroup of G: Deﬁne
CðMÞ to be the set of all X4G with jX j ¼ d such that Mn4X and P2ðX Þ is
cyclic. By Lemma 4.21 and Corollary 4.6, we have
sðd;M;GÞ ¼
X
X2CðMÞ
jHomðG=X ;HÞj:
Let YðlðpÞÞ be the set of all p-partitions mðpÞDðpÞlðpÞ such that jmðpÞj þ dp ¼
jlðpÞj for all p 2 p: Then there exist non-negative integers cðmðpÞÞ; which will
be determined below, such thatX
X2CðMÞ
jHomðG=X ;HÞj ¼
X
mðpÞ2YðlðpÞÞ
cðmðpÞÞjHomðGðmðpÞÞ;HÞj:
MU¨LLER AND SHARESHIAN314We have G=X ﬃ GðmðpÞÞ if and only if PpðGÞ=PpðXÞ ﬃ Gðp; mðpÞÞ for all
p 2 p; and any X4G can be built by independently choosing PpðX Þ
for each p 2 p: Therefore, for any mðpÞ 2 YðlðpÞÞ; we have
cðmðpÞÞ ¼
Y
p2p
cpðmðpÞÞ;
where by Corollary 4.14, Lemma 4.24 and Proposition 4.25,
c2ðmðpÞÞ ¼
kðlð2Þ;mð2ÞÞ
lðlð2Þ;iÞ ; m
ð2Þ 2 P2;
0; otherwise;
8<
:
and by Corollary 4.6 and Proposition 4.18,
cpðmðpÞÞ ¼ hpðlðpÞ; mðpÞÞ
for all p 2 p1: ]
A long but explicit formula for the exponential generating function
AGðlðpÞÞ;HðzÞ of the sequence fjHomðGðlðpÞÞ;HwAnÞjg10 can now be
obtained from Corollary 4.36, Proposition 4.38, and Theorem 4.40. We
will not state that formula here.
The generalization to arbitrary ﬁnite abelian groups of Corollary 4.31 is
straightforward, and the proof of the next theorem is similar to that of
Theorem 4.40. Corollary 4.31 is used instead of Proposition 4.25, and
Lemma 4.29 is used in place of Lemmas 4.21 and 4.24.
Theorem 4.41. Let G ¼ GðlðpÞÞ be a finite abelian group. Let MoG be a
subgroup with ðG : MÞ ¼ 2; and let d ¼Qp2p pdp be a divisor of jGj: Then
sðd;G;MÞ ¼
jGð2;lð2ÞÞj
2d2þjlð2Þd2 j
Q
p2p1
P
mðpÞDlðpÞ
jmðpÞjþdp¼jlðpÞj
hpðlðpÞ; mðpÞÞ; 2d2om2ðMnÞ;
0; otherwise:
8><
>>:
An explicit formula for the exponential generating functionWGðlðpÞÞðzÞ of
the sequence fjHomðGðlðpÞÞ;WnÞjg10 can now be obtained using Corollary
4.36 and Proposition 4.38, and Theorem 4.41.
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In [14, Sect. 4] a complete asymptotic expansion of the function
jHomðG;HwSnÞj is obtained for arbitrary ﬁnite groups G and H in terms
of m ¼ jGj; jHj; and the numbers sHG ðdÞ ¼
P
ðG : UÞ¼d jHomðU ;HÞj for
d jm: Its main term yields the asymptotic formula
jHomðG;HwSnÞj

 KHG ðnjHjÞð11=mÞnexp 
m  1
m
nþ 1jHj
X
d j m
dom
sHG ðdÞ
d
ðnjHjÞd=m
0
B@
1
CA
with
KHG ¼
m1=2; m odd;
m1=2expððsHG ðm=2ÞÞ
2
2mjHj Þ; m even;
8<
:
and the quotient
jHomðG;HwSnÞj=
KHG ðnjHjÞ
ðm1Þn
m exp m  1
m
nþ 1jHj
X
d j m
dom
sHG ðdÞ
d
ðnjHjÞd=m
0
B@
1
CA
0
B@
1
CA
is expanded as a Poincar!e series in ðnjHjÞ1=m with coefﬁcients given
explicitly in terms of m; jHj; and the sHG ðdÞ; cf. [14, Theorem 4] for more
details. This result, which incorporates the asymptotic enumeration of ﬁnite
group actions5 as a special case, is of considerable independent interest. It
also has important consequences for the theory of subgroup growth; cf.
[11,15,16,13, Sect. 8].
Having obtained such a precise asymptotic estimate for the function
jHomðG;HwSnÞj it appears natural to ask about the asymptotic behaviour
of closely related functions such as jHomðG;HwAnÞj or jHomðG;
WnÞj: Concerning the asymptotic enumeration of Wn-representations the
following conjecture is made in [14].
Conjecture 5.1. For each finite group G there exists a constant A ¼
AðGÞ > 1 such that
jHomðG;WnÞj ¼ ð1þ sGð2ÞÞ1jHomðG;C2wSnÞjf1þ OðAn1=jGj Þg: ð30Þ
5Comments on the history of this problem can be found in the introduction of [12].
MU¨LLER AND SHARESHIAN316Validity of (30) implies in particular that the asymptotic expansion
provided by M .uller [14, Theorem 4] for jHomðG;C2wSnÞj carries over
without change to ð1þ sGð2ÞÞjHomðG;WnÞj: Here, we shall verify Con-
jecture 5.1 (in somewhat stronger form) in the case when G is dihedral or a
ﬁnite abelian group.
5.1. Dihedral Groups
For a positive integer l let D2l be the dihedral group of order 2l:
Proposition 5.2. (a) For every odd integer l > 0 and every real number e
satisfying 0oeo2 we have
jHomðD2l ;WnÞj ¼ 12 jHomðD2l ;C2wSnÞjf1þ OðA
ﬃﬃ
n
p
1 Þg
with
A1 ¼ A1ðl; eÞ :¼
eð2eÞ=
ﬃﬃ
2
p
; l ¼ 1
e
ﬃﬃ
2
p
; l > 1:
(
(b) For l 2 2N and 0oeo4 we have
jHomðD2l ;WnÞj ¼ 14jHomðD2l ;C2wSnÞjf1þ OðAn
1=4
2 Þg
with
A2 ¼ A2ðl; eÞ :¼
eð4eÞ=2
3=4
; l ¼ 2;
e2
5=4
; l > 2; l=2  1 ð2Þ;
e2
1=4
; l=2  0 ð2Þ:
8><
>:
We will need the following consequence of [12, Theorem 1].
Lemma 5.3. Suppose that the polynomial PðzÞ ¼Pmm¼1 cmzm 2 R½z has
degree m51 and meets the conditions
(i) cm50 for 14m4m;
(ii) c1a0;
(iii) cm ¼ 0 for m=2omom:
Let expðPðzÞÞ ¼P1n¼0 anzn: Then the exact order of magnitude of the
coefficient an is given by
n
mcm
 n=m
exp P
n
mcm
 1=m ! !, ﬃﬃﬃ
n
p
; n51:
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for Yð1Þ and Yð2Þ given at the end of Section 2 we have for l51 and n50
jHomðD2l ;WnÞj ¼ 14 jHomðD2l ;C2wSnÞjf1þ 2Qð1Þn þ Qð2Þn g;
where
Qð1Þn :¼hzn; expðPC2D2l ðzÞ  2ðYð1ÞðlÞ þYð2ÞðlÞÞÞi=hzn; expðPC2D2l ðzÞÞi;
Qð2Þn :¼hzn; expðPC2D2l ðzÞ  4Yð2ÞðlÞÞi=hzn; expðPC2D2l ðzÞÞi;
PC2D2l ðzÞ ¼
1
2
X
d j l
jHomðD2l=d ;C2Þjð2zÞd þ 1
4
X
d j l
il=dðC2Þð2zÞ2d=d;
Yð1ÞðlÞ ¼ 1
2
X
d j l
d1 ð2Þ
ð2zÞd
and
Yð2ÞðlÞ ¼
1
2
P
d j k
d1 ð2Þ
ð2zÞd þ P
d j k
k=d0 ð2Þ
ð2zÞ2d
0
BB@
1
CCA; l ¼ 2k;
0; l odd:
8>><
>>:
Since PC2D2l ðzÞ satisﬁes the hypotheses of Lemma 5.3, we infer in particular
that for n51
hzn; expðPC2D2l ðzÞÞi 
2n
22l
  n
2l
exp
1
2
X
d j l
jHomðD2l=d ;C2Þjð2nÞ
d
2l
0
@
þ 1
4
X
d j l
il=dðC2Þð2nÞd=l=d
1
A, ﬃﬃﬃnp ;
with an implied constant, which may depend on l: For odd l we have
Q
ð2Þ
n ¼ 1 and
PC2D2l ðzÞ  2ðYð1ÞðlÞ þYð2ÞðlÞÞ ¼
1
4
X
d j l
ð2zÞ2d=d;
whereas for even l
PC2D2l ðzÞ  2ðYð1ÞðlÞ þYð2ÞðlÞÞ ¼
X
d j l
d0 ð2Þ
ð2zÞd þ 1
4
X
d j l
il=dðC2Þð2zÞ2d=d;
PC2D2l ðzÞ  4Yð2ÞðlÞ ¼
X
d j l
l=d1 ð2Þ
ð2zÞd þ 1
4
X
d j l
il=dðC2Þð2zÞ2d=d:
MU¨LLER AND SHARESHIAN318The polynomials occurring in the numerator of Q
ð1Þ
n and Q
ð2Þ
n ; while meeting
conditions (i) and (iii), fail to satisfy condition (ii) of Lemma 5.3; but this
can be remedied by adding an extra term ez and applying Lemma 5.3 to the
resulting polynomials. Fixing a real number e with 0oeo2 we ﬁnd in this
way that for n51
04 zn; exp
1
4
X
d j l
ð2zÞ2d=d
0
@
1
A* +
4 zn; exp ezþ 1
4
X
d j l
ð2zÞ2d=d
0
@
1
A* +
 2n
22l
  n
2l
exp
e
2
ð2nÞ 12l þ 1
4
X
d j l
ð2nÞd=l=d
0
@
1
A, ﬃﬃﬃnp :
It follows that for odd l
jHomðD2l ;WnÞj ¼ 12 jHomðD2l ;C2wSnÞjf1þ Qð1Þn g
with
Qð1Þn  exp ð1 e=2Þð2nÞ
1
2l 
X
d j l
d>1
ð2nÞd2l
0
BB@
1
CCA4A ﬃﬃnp1
and A1 ¼ A1ðl; eÞ as deﬁned in the proposition. Similarly, we infer from
Lemma 5.3 that for l even, 0oeo4; and n51
hzn; expðPC2D2l ðzÞ  2ðYð1ÞðlÞ þYð2ÞðlÞÞÞi
 2n
22l
  n
2l
exp
e
2
ð2nÞ 12l þ
X
d j l
d0 ð2Þ
ð2nÞd2l
0
BB@
þ 1
4
X
d j l
il=dðC2Þð2nÞd=l=d
1
A, ﬃﬃﬃnp
and
hzn; expðPC2D2l ðzÞ  4Yð2ÞðlÞÞi 
2n
22l
  n
2l
exp
 
e
2
ð2nÞ 12l þ
X
d j l
l=d1 ð2Þ
ð2nÞd2l
þ1
4
X
d j l
il=dðC2Þð2nÞd=l=d
!, ﬃﬃﬃ
n
p
;
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Qð1Þn  exp ð2 e=2Þð2nÞ
1
2l  2
X
d j l
d>1
d1 ð2Þ
ð2nÞd2l 
X
d j l
d0 ð2Þ
l=d0 ð2Þ
ð2nÞd2l
0
BBBBB@
1
CCCCCA;
Qð2Þn  exp ð2 e=2Þð2nÞ
1
2l  2
X
d j l
d>1
l=d0 ð2Þ
ð2nÞd2l
0
BBBB@
1
CCCCA:
It follows from these estimates that, up to constant, Q
ð1Þ
n and Q
ð2Þ
n are both
bounded from above by An
1=4
2 with A2 as deﬁned in part (b) of the
proposition. The proof of Proposition 5.2 is thus complete. ]
Remark 5.4. It follows in particular from the formulae given at the
beginning of the proof of Proposition 5.2 that if l; n 2 N are both odd, then
jHomðD2l ;WnÞj ¼ 12 jHomðD2l ;C2wSnÞj:
5.2. An Alternative Approach to jHomðD2l ;WnÞj with l Odd
In this section we will use combinatorial arguments of an elementary and
ad hoc nature to establish the following result, which also leads to a slight
improvement of Proposition 5.2(a).
Proposition 5.5. Let l 2 N be odd, and let G ¼ D2l be the dihedral group
of order 2l:
(i) If n 2 N is odd, then jHomðG;WnÞj ¼ 12 jHomðG;C2wSnÞj:
(ii) If n 2 N is even, then
jHomðG;WnÞj ¼ 1
2
jHomðG;C2wSnÞj þ 2nn! zn=2; exp
X
d j l
zd
4d
0
@
1
A* +
2
4
3
5: ð31Þ
Corollary 5.6. For every odd integer l51 we have
jHomðD2l ;WnÞj ¼ 12 jHomðD2l ;C2wSnÞjf1þ Oðe
ﬃﬃﬃﬃ
2n
p
Þg;
MU¨LLER AND SHARESHIAN320i.e., the constant A1 occurring in Proposition 5.2(a) can be chosen as A1 ¼ e
ﬃﬃ
2
p
independent of e and l:
Proof. Write
jHomðG;WnÞj ¼ 12 jHomðG;C2wSnÞjf1þ ElðnÞg;
where
ElðnÞ :¼
2nhzn=2; expðPd j l zd4dÞi
hzn; expðPC2G ðzÞÞi
;
and, by (7),
PC2G ðzÞ ¼
X
d j l
ð2zÞd þ
X
d j l
ð2zÞ2d
4d
:
Applying Lemma 5.3, we ﬁnd that
zn=2; exp
X
d j l
zd
4d
0
@
1
A* + ð2nÞ n2l exp X
d j l
ð2nÞd=l
4d
0
@
1
A, ﬃﬃﬃnp ;
and, as in the proof of Proposition 5.2,
hzn; expðPC2G ðzÞÞi 
2n
22l
  n
2l
exp
X
d j l
ð2nÞd2l þ
X
d j l
ð2nÞd=l
4d
1
A
0
@ , ﬃﬃﬃnp :
This gives
ElðnÞ  exp 
X
d j l
ð2nÞd2l
0
@
1
A4e ﬃﬃﬃﬃ2np :
The proof of Proposition 5.5 proceeds in several steps. We begin by ﬁxing
some notation. Let x; y be generators of G such that x2 ¼ yl ¼ 1 and yx ¼
y1: We will write an element of C2wSn as ðv; sÞ; where s 2 Sn and
v ¼ ðv1; . . . ; vnÞ 2 ðZ=2ZÞn: Thus,
Wn ¼ ðv; sÞ 2 C2wSn :
Xn
i¼1
vi  0 ð2Þ
( )
:
The permutation representations of G of degree n are parametrized by the
set Gn of all pairs ðr; tÞ 2 Sn  Sn such that r2 ¼ tl ¼ 1 and tr ¼ t1: The
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commutative diagram of sets and set-theoretic maps
where i is the inclusion map, Cn maps a homomorphism f : G ! C2wSn to
ðenfðxÞ; enfðyÞÞ 2 Gn; and *Cn is the restriction ofCn to the set HomðG;WnÞ:
Let
HomðG;C2wSnÞ ¼
a
ðr;tÞ2Gn
Sðr; tÞ;
HomðG;WnÞ ¼
a
ðr;tÞ2Gn
Wðr; tÞ
be the ﬁbre decompositions corresponding to this diagram, i.e.,
Sðr; tÞ ¼ C1n ðr; tÞ ¼ ff 2 HomðG;C2wSnÞ : enfðxÞ ¼ r and enfðyÞ ¼ tg;
Wðr; tÞ ¼ *C1n ðr; tÞ ¼ C1n ðr; tÞ \HomðG;WnÞ
¼ ff 2 Sðr; tÞ : fðGÞ4Wng:
The following result proves part (i) of Proposition 5.5 and reduces the proof
of part (ii) to the examination of Sðr; tÞ in the case when r has no ﬁxed
points on ½n:
Lemma 5.7. Let ðr; tÞ 2 Gn: If r has at least one fixed point on ½n; then
jWðr; tÞj
jSðr; tÞj ¼
1
2
:
Proof. Let f 2 Sðr; tÞ: Since l ¼ jyj is odd, so is jfðyÞj; and since
½C2wSn : Wn ¼ 2; we must have fðyÞ 2 Wn: Hence, f 2Wðr; tÞ if and
only if fðxÞ 2 Wn: Let
K :¼ fðv; 1Þ : v 2 ðZ=2ZÞngIC2wSn:
Assume that
ðK  WnÞ \
\
f2Sðr;tÞ
CKðfðGÞÞa|; ð32Þ
MU¨LLER AND SHARESHIAN322and let k be an element of this set. Given f 2 Sðr; tÞ; deﬁne f0 2Sðr; tÞ via
f0ðxÞ :¼ kfðxÞ and f0ðyÞ :¼ fðyÞ (this works since k centralizes fðGÞ; jkj ¼
2; and enðkÞ ¼ 1). Since k =2 Wn; we have f 2Wðr; tÞ if and only if f0 =2
Wðr; tÞ; and since jkj ¼ 2; we must have ðf0Þ0 ¼ f: Thus, the assignment
f/f0 deﬁnes a bijection from Wðr; tÞ onto Sðr; tÞ Wðr; tÞ: It remains
to show that (32) holds under the assumption of the lemma. Let t ¼
t1t2 . . . tr be the disjoint cycle decomposition of t: Since r normalizes hti; r
acts on the set fsuppðt1Þ; . . . ; suppðtrÞg: Assume, without loss of generality,
that r ﬁxes a point in suppðt1Þ: Then r ﬁxes suppðt1Þ setwise. Deﬁne an
element k ¼ ðw; 1Þ 2 K via
wi :¼
1; i 2 suppðt1Þ;
0; i =2 suppðt1Þ:
(
Since kðo;fÞ ¼ kðo;tÞ ¼ k and K is abelian, we have k 2 CKðfðGÞÞ for all
f 2 Sðr; tÞ: Moreover, since jsuppðt1Þj is odd, we have k =2 Wn: ]
Corollary 5.8. If n 2 N is odd, then
jHomðG;WnÞj
jHomðG;C2wSnÞj ¼
1
2
:
Proof. If n is odd and ðr; tÞ 2 Gn; then r must have a ﬁxed point
on ½n: ]
Next, we consider pairs ðr; tÞ 2 Gn; where n is even and r is ﬁxed-point-
free on ½n:
Lemma 5.9. If ðr; tÞ 2 Gn and r is fixed-point-free on ½n; then Sðr; tÞ ¼
Wðr; tÞ:
Proof. It sufﬁces to show that if v ¼ ðv1; . . . ; vnÞ 2 ðZ=2ZÞn and jðv;rÞj ¼
2; then
Pn
i¼1 vi  0 ð2Þ: Now ðv; rÞ2 ¼ ðvþ vr; 1Þ with ðvrÞi :¼ vrðiÞ; so
jðv; rÞj ¼ 2 if and only if v ¼ vr; i.e., if and only if v is constant on the
r-orbits on ½n: Hence, jðv; rÞj ¼ 2 implies Pni¼1 vi  0 ð2Þ: ]
Assume from now on for the rest of the proof that n ¼ 2m is even. Put
rðmÞ :¼ ð1;m þ 1Þð2;mþ 2Þ . . . ðm; 2mÞ 2 Sn;
and for 14i4m denote by rðmÞi the ith transposition ði;m þ iÞ of rðmÞ:
Deﬁne
GðrðmÞÞ :¼ ft 2 Sn : ðrðmÞ; tÞ 2 Gng
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XðrðmÞÞ :¼
[
t2GðrðmÞÞ
SðrðmÞ; tÞ

:
Corollary 5.10. Let n ¼ 2m be even. Then
jHomðG;WnÞj ¼ 12 ½jHomðG;C2wSnÞj þ ðn 1Þ!!XðrðmÞÞ: ð33Þ
Proof. Let r 2 Sn be a ﬁxed-point-free involution. Then there exists
some s 2 Sn such that rs ¼ rðmÞ; and for t 2 Sn we have ðr; tÞ 2 Gn if and
only if ðrðmÞ; tsÞ 2 Gn: Also, jSðr; tÞj ¼ jSðrs; tsÞj for every ðs; tÞ 2 Gn:
Since ðSn :CSnðrðmÞÞÞ ¼ ðn 1Þ!!; we have
[
ðr;tÞ2Gn
r fixed-point-free
Sðr; tÞ


¼ ðn 1Þ!!X ðrðmÞÞ:
Lemmas 5.7 and 5.9 now give
ðn 1Þ!!XðrðmÞÞ ¼ 2jHomðG;WnÞj  jHomðG;C2wSnÞj;
whence the corollary. ]
Our next goal is to compute the quantity X ðrðmÞÞ: We begin by
constructing the set GðrðmÞÞ: For m 2 N; deﬁne PðlÞm to be the set of all
partitions P of ½m into subsets P1; . . . ;Pr such that jPij divides l for all
i 2 ½r: We shall write ½P1j . . . jPr for such a partition P: We claim that every
t 2 GðrðmÞÞ is uniquely obtained by choices made in the following
procedure.
Construction of GðrðmÞÞ
Step 1. Choose any P 2 PðlÞm :
Step 2. For each block Pi ¼ fx1; . . . ; xrigD½m of P; x1o   oxri ;
partition the set
Pi [ ðm þ PiÞ ¼
[ri
j¼1
suppðrðmÞxj Þ
into two parts Ai and Bi; with x1 2 Ai; in such a way that jsuppðrðmÞxj Þ \
Aij ¼ 1 for all j 2 ½ri:
Step 3. For each i 2 ½r; choose an ri-cycle ti on Ai; and let t0i be the
ri-cycle on Bi such that t
rðmÞ
i ¼ ðt0iÞ1:
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To conﬁrm that this procedure produces each t 2 GðrðmÞÞ; note that if
t 2 GðrðmÞÞ and t ¼ t1 . . . tt is its disjoint cycle decomposition, then rðmÞ acts
on the set fsuppðt1Þ; . . . ; suppðttÞg: Since rðmÞ is ﬁxed-point-free and
jsuppðtjÞj divides l (with l odd) for each j 2 ½t; every orbit of the given
action has size 2. If fsuppðtiÞ; suppðtjÞg is such an orbit, then
tr
ðmÞ
i ¼ t1j ; and for m 2 ½m we have jsuppðtiÞ \ suppðrðmÞm Þj ¼ jsuppðtjÞ \
suppðrðmÞm Þj 2 f0; 1g: Conversely, it is straightforward to verify that
every t produced in this way is contained in GðrðmÞÞ; and that each t 2
GðrðmÞÞ is produced exactly once.
Lemma 5.11. For each m 2 N;
XðrðmÞÞ ¼ 23m
X
P2PðlÞm
Yr
i¼1
ðjPij  1Þ!
4
: ð34Þ
Proof. Suppose we have chosen a partition P ¼ ½P1j . . . jPr 2 PðlÞm in
step 1 of the above procedure. Then there are
Yr
i¼1
2jPi j1 ¼ 2mr
ways to complete step 2, and, for each possible choice at step 2, there are
Yr
i¼1
ðjPij  1Þ!
ways to complete step 3. It therefore sufﬁces to show that with P ﬁxed, for
any choices made in steps 2 and 3 we have
jSðrðmÞ; tÞj ¼ 2nr:
Fix such a permutation t: Clearly, the cardinality of SðrðmÞ; tÞ equals the
number of ways in which a pair of vectors ðv;wÞ 2 ðZ=2ZÞn  ðZ=2ZÞn can
be chosen such that the conditions
(1) ðv; rðmÞÞ2 ¼ 1;
(2) ðw; tÞl ¼ 1;
(3) ðw; tÞðv;rðmÞÞ ¼ ðw; tÞ1;
hold simultaneously. We rewrite these conditions as a system of linear
equations over Z=2Z in the 2n variables v1; . . . ; vn;w1; . . . ;wn:
(1) Since ðv; rðmÞÞ2 ¼ ðvþ vr; 1Þ; we have ðv; rðmÞÞ2 ¼ 1 if and only if
v ¼ vr; i.e., if and only if vi ¼ vmþi for all i 2 ½m:
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j¼1 w
tj ¼ o: The latter condition is satisﬁed if and only if the 2r linear
equations X
j2Oi
wj ¼ 0; i 2 ½2r
are satisﬁed, where O1; . . . ;O2r are the orbits of t on ½n:
(3) We have
ðw; tÞðv;rðmÞÞ ¼ ðvrðmÞ þ wrðmÞ þ vtrðmÞ ; trðmÞ Þ ¼ ðvþ wrðmÞ þ vt1 ; t1Þ:
Since we are assuming that v ¼ vr (a fact already used in the
second equation above), we have ðw; tÞðv;rðmÞÞ ¼ ðwt1 ; t1Þ if and
only if
ðvþ wÞrðmÞt ¼ vþ w: ð35Þ
Now hrðmÞ; ti is dihedral of order not divisible by 4. Therefore, rðmÞt is
conjugate to rðmÞ in hrðmÞ; ti; and hence in Sn: Consequently, rðmÞt is a ﬁxed-
point-free involution on ½n; and condition (35) is satisﬁed if and only if a
linear equation of the form
vi þ vj þ wi þ wj ¼ 0
holds for every rðmÞt-orbit fi; jg on ½n: There are m such equations.
It is easy to see that the system of equations (1)–(3) is in fact redundant.
Indeed, if O is an arbitrary t-orbit on ½n; thenX
k2O
wk þ
X
k2O
wrðmÞðkÞ ¼
X
k2O
ðwk þ wrðmÞtðkÞÞ ¼
X
k2O
ðvk þ vrðmÞtðkÞÞ ¼ 0;
i.e., X
k2O
wk ¼
X
k2rðmÞðOÞ
wk:
Here, we have only used equations of types (1) and (3). Hence, it
sufﬁces to require equations of type (2) for a system of representatives
of the action of rðmÞ on fO1; . . . ;O2rg only, which leaves us with r
equations of type (2) instead of 2r: This observation gives a lower
bound
jSðrðmÞ; tÞj522nðnþrÞ ¼ 2nr:
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described above can have at most 2nr solutions, the decisive point being
that after eliminating m variables vi and r variables wj by means of equations
of types (1) and (2) we are left with a complete system S of representatives
for the action of rðmÞ on fO1; . . . ;O2rg such that the m variables wj with
j 2 SO2S O are still free. We can thus use the m equations of type (3) to
eliminate the latter set of variables wj completely, leaving us with at most
2m  r ¼ n r free variables. ]
To complete the proof of Proposition 5.5 observe that by Lemma 5.11
and Stanley’s exponential formula [19, Corollary 6.2] we have
1þ
X1
m¼1
X ðrðmÞÞ
23m
zm
m!
¼ exp
X
d j l
zd
4d
0
@
1
A; ð36Þ
cf. also [20]. Combining Corollary 5.10 with Eq. (36) now gives Proposition
5.5(ii).
5.3. A Partition Lemma
Lemma 5.13 will play a crucial role in the next subsection, in which we
analyze the asymptotic behaviour of the function jHomðG;WnÞj for a ﬁnite
abelian group G: The following observation is preliminary.
Lemma 5.12. Let l be a partition, and let r be a non-negative integer.
Then we have
jlj ¼ jl rj þ
Xr
k¼1
l0k: ð37Þ
Proof. For r5l1 both sides of (37) reduce to jlj ¼ jl0j: We prove the
assertion for 04rol1 by induction on r: For r ¼ 0 both sides of (37) equal
jlj: Suppose that (37) holds for some r with 04r4l1  2: Let l ¼
ðia11 ; ia22 ; . . . ; iass Þ with i1 > i2 >    > is > 0 and a1; a2; . . . ; as > 0; put
isþ1 :¼ 0; and let k be such that 14k4s and ikþ14roik: Then l0 ¼
ððl0isÞ
is ; ðl0is1Þ
is1is ; . . . ; ðl0i1Þ
i1i2Þ; l0rþ1 ¼ l0ik ; l r ¼ ðði1  rÞ
a1 ; . . . ;
ðik  rÞakÞ; and l ðrþ 1Þ ¼ ðði1  r 1Þa1 ; . . . ; ðik  r 1ÞakÞ: It follows
that jl rj ¼ jl ðrþ 1Þj þ l0ik and, hence,
jlj  jl ðrþ 1Þj ¼ jlj  jl rj þ l0ik
¼
Xr
k¼1
l0k þ l0rþ1 ¼
Xrþ1
k¼1
l0k: ]
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exists a partition m such that
(i) mDl;
(ii) jmj þ r ¼ jlj;
(iii) 2m
0
1h2ðl; mÞ52jljjlrjþl
0
rþ1r;
where h2ðl; mÞ is as in Definition 4.34.
Proof. For mDl we have
Y
k51
l0k  m0kþ1
m0k  m0kþ1
 !
2
: ¼
Y
k51
Ym0km0kþ11
j¼0
2l
0
km0kþ1j  1
2m
0
km0kþ1j  1
5
Y
k51
Ym0km0kþ11
j¼0
2l
0
km0k
¼ 2hm0;l0ijjm0 jj2
P
m0kþ1ðl0km0kÞ;
where h ; i and jj  jj denote the inner product and the norm, respectively, in
the Hilbert space l2ðRÞ: From this estimate and Lemma 5.12 we conclude
that the inequality
m01 þ hm0; l0i þ r5jjm0jj2 þ
Xrþ1
k¼1
l0k ð38Þ
is a sufﬁcient condition for a partition mDl to satisfy (iii). Let l0 ¼
ðia11 ; ia22 ; . . . ; iass Þ with i1 > i2 >    > is > 0 and a1; a2; . . . ; as > 0; and for
04j4s put bj :¼
Pj
k¼1 ak: Since b0 ¼ 0 and bs ¼ l1; there exists an
integer k with 0ok4s and bk14r4bk: Deﬁne
m0k :¼
l0k  1; 14k4bk1 or bk1 þ bk  rok4bk;
l0k all other k 2 N:
(
Clearly, m0 ¼ ðm01; m02; . . .Þ is a partition such that m0Dl0 and jm0j þ r ¼ jl0j:
An immediate calculation gives
hm0; l0i ¼ jjl0jj2 
Xbk1
k¼1
l0k 
Xbk
k¼bk1þbkrþ1
l0k
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jjm0jj2 ¼ jjl0jj2  2
Xbk1
k¼1
l0k  2
Xbk
k¼bk1þbkrþ1
l0k þ r:
It follows that m0 satisﬁes (38) if and only if
m015l
0
rþ1: ð39Þ
We have
m01 ¼
l01; rob1;
l01  1 otherwise:
(
Hence, if rob1 then both sides of (39) equal i1: If on the other hand r5b1
then (39) is equivalent to the assertion that i1 > l
0
rþ1; which holds since in
this case l0rþ14i2: We conclude that the partition m (the conjugate of m
0)
satisﬁes (i)–(iii). ]
5.4. Abelian Groups
Let lðpÞ be a p-partition, and let G ¼ GðlðpÞÞ be a ﬁnite abelian group of
type lðpÞ: We shall assume that jlð2Þj > 0; since otherwise (30) holds trivially
for G: Put l :¼ lð2Þ; l :¼ ll01 ; and m0 :¼ m=ð2jljÞ; where m ¼
Q
p2p p
jlðpÞj is the
order of G:
Proposition 5.14. For G as above and every real number e satisfying
0oeo2l01 we have
jHomðG;WnÞj ¼ jHomðG;C2wSnÞj
1þ sGð2Þ f1þ OðA
n2ljlj1 Þg
with
A ¼ AðlðpÞ; eÞ :¼ e
ð2l01eÞ=2
m1
m ; m0 ¼ 1 and m1ðlÞa0;
e2
l0
l
jlðl1Þjl
=m0 otherwise:
8><
>:
Proof. By Propositions 4.35 and 4.38, and Theorem 4.41 we have
jHomðG;WnÞj ¼ jHomðG;C2wSnÞj
1þ sGð2Þ 1þ
X
a2N
ð2l01l0aþ1  2l01l0aÞQðaÞn
( )
; ð40Þ
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QðaÞn :¼ hzn; expðPC2G ðzÞ  CðaÞð2Þ ðzÞÞi=hzn; expðPC2G ðzÞÞi;
PC2G ðzÞ ¼
1
2
X
d j m
1
d
X
mðpÞDðpÞl
ðpÞ
jðlðpÞ;mðpÞÞ¼d
2ðm
ð2ÞÞ01
Y
p2p
hpðlðpÞ; mðpÞÞð2zÞd
¼
Xjlj
r¼0
X
d 0 j m0
22
rd 0r1
d 0
Y
p2p1
X
mðpÞDlðpÞ
jmðpÞjþd 0p¼jlðpÞj
hpðlðpÞ; mðpÞÞ
2
6664
3
7775

X
mDl
jmjþr¼jlj
2m
0
1h2ðl; mÞ
2
664
3
775z2rd 0
with d 0 ¼ Qp2p1 pd 0p ; and, for a 2 N with maðlÞa0;
C
ðaÞ
ð2Þ ðzÞ ¼
Xa1
r¼0
X
d 0 j m0
22
rd 0þjljjlrjþl0rþ12r1
d 0

Y
p2p1
X
mðpÞDlðpÞ
jmðpÞjþd 0p¼jlðpÞj
hpðlðpÞ; mðpÞÞ
2
6664
3
7775z2rd 0 :
Since the polynomial PC2G ðzÞ satisﬁes the hypotheses of Lemma 5.3, we infer
in particular that
hzn; expðPC2G ðzÞÞi 
2n
2m
 n=m
expðPC2G ðð2nÞ1=m=2ÞÞ=
ﬃﬃﬃ
n
p
; n51: ð41Þ
Moreover, since
degðCðaÞð2Þ ðzÞÞ42l11m04m=2; maðlÞa0;
the polynomials PaðzÞ :¼ PC2G ðzÞ  CðaÞð2Þ ðzÞ occurring with non-zero coefﬁ-
cient in (40) satisfy the gap condition (iii) of Lemma 5.3 and have the same
leading term as PC2G ðzÞ: On the other hand
hz;PC2G ðzÞi ¼ 2l
0
1 ¼ hz;CðaÞð2Þ ðzÞi; maðlÞa0;
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the polynomial Pl1ðzÞ has non-negative coefﬁcients, implying that all
polynomials PaðzÞ occurring in (40) have this property. Applying Lemma
5.3 we ﬁnd that for every e > 0
hzn; expðPaðzÞÞi  2n
2m
 n=m
expðPaðð2nÞ1=m=2Þ þ eð2nÞ1=m=2Þ=
ﬃﬃﬃ
n
p
ðn51;maðlÞa0Þ: ð42Þ
From (41) and (42) it follows that for n51; maðlÞa0; and every e with
0oeo2l01
QðaÞn  exp 
2l
0
1  e
2
ð2nÞ1=m

Xa1
r¼0
X
d 0 j m0
ðr;d 0Það0;1Þ
22
rd 0þjljjlrjþl0rþ12r1
d 0

Y
p2p1
X
mðpÞDlðpÞ
jmðpÞjþd 0p¼jlðpÞj
hpðlðpÞ; mðpÞÞ
2
6664
3
7775ðð2nÞ1=m=2Þ2rd 0
1
CCCA: ð43Þ
If ða;m0Þ ¼ ð1; 1Þ; the right-hand side of (43) equals
ðeð2l
0
1eÞ=2
m1
m Þn1=m ;
while for ða;m0Það1; 1Þ it is bounded from above by
exp 2
l0ajlða1Þja
m0
n2
ajlj1
 !
:
Since the order of magnitude of the latter term decreases with increasing a
the assertions of Proposition 5.14 follow. ]
0
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